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YET ANOTHER TABLE OF INTEGRALS
RICHARD J. MATHAR
Abstract. This collection of sums and integrals has been harvested from the
mathematical and physical literature in unstructured ways. Its main use is
backtracking the original sources whenever an integral of the reader’s applica-
tion resembles one of the items in the collection.
Introduction
Dealing with the analysis of real numbers in the physical sciences shows a strange
attraction towards integrals. Closed-form integration beats numerical integration,
and often adaptive series expansion helps to crumble cumbersome integral kernels
to digestable pieces.
The current table started as a incoherent list of bookmarks pointing to “inter-
esting” formulas that complement or correct the Gradstein-Rhyshik tables [111],
see http://www.mathtable.com/gr/. As such it does not replicate the original
sources in full but is to be merely regarded as an aid to find places at which certain
forms and classes of integrals or sums have been targeted.
The notation is generally not harmonized. Stirling numbers appear in bracketed
and indexed notations, and at least two different meanings of harmonic numbers H
with lower and upper indices are met.
There is only one hint of use: The list of references appears prior to each formula.
0.1. Finite Series. [218, 213]
(0.1)
n∑
j=1
jk =
1
n
(
ρ(n, i) +
n∑
i=1
σk+1(i)
)
=
Bk+1(n+ 1)−Bk+1
k + 1
where ρ(n, k) ≡∑nd=1 dk(n mod d) is a sum over n mod dmultiplied, then summed,
over dk, and σk(n) =
∑
d|n d
k.
[68, 82]
(0.2)
n−1∑
k=1
kr =
r∑
k=0
Bk
k!
r!
(r − k + 1)!n
r−k+1.
[219]
(0.3)
n∑
k=0
km =
m∑
j=0
{
m
j
}(
n+ 1
j + 1
)
j!.
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By telescoping the last term in this formula becomes
(0.4) nm =
m∑
j=0
{
m
j
}(
n
j
)
j!.
[3] Let Sk(n) ≡
∑n
l=1 l
k, then
(0.5)
k∑
i=0
(
k + 1
i
)
Sin) = (n+ 1)
k − 1.
[224]
(0.6)
∑
0≤j≤n/m
(
n− jm
k
)
= P (n+m, k,m)− P (r, k,m)
for n ≥ 0, k ≥ 1, m ≥ 1 where
(0.7) P (x, k,m) ≡ 1
m
k+1∑
j=1
(
x
j
)
A(m, k + 1− j)
with g.f.
(0.8)
mx
(1 + x)m − 1 =
∞∑
j=0
A(m, j)xj .
[202]
(0.9)
n∑
k=0
(
r + k
k
)
=
(
r + n+ 1
n
)
, n = 0, 1, 2, . . .
[219]
(0.10)
∑
k
(
n
2k
)
k = n2n−3, n ≥ 2.
[219]
(0.11)
∑
k
(
n
2k + 1
)
k = (n− 2)2n−3, n ≥ 2.
[219]
(0.12)
∑
k
(
n
2k
)
km = n(n−m− 1)m−12n−2m−1, n ≥ m+ 1,
[219]
(0.13)
∑
k
(
n
2k + 1
)
km = n(n−m− 1)m2n−2m−1, n ≥ m+ 1,
where km is the falling factorial k(k − 1)(k − 2) · · · (k −m+ 1).
[219]
(0.14)
n∑
k=0
(
n
k
)
km =
m∑
j=0
{
m
j
}(
n
j
)
j!2n−j.
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[219]
(0.15)
n∑
k=0
(
n
k
)
(−1)kkm =
{
m
n
}
(−1)nn!.
[219]
(0.16)
n∑
k=0
(
n
2k
)
km = n
min(m,n−1)∑
j=1
{
m
j
}(
n− j − 1
j − 1
)
(j − 1)!2n−2j−1.
[219]
(0.17)
n∑
k=0
(
n
2k + 1
)
km =
min(m,n−1)∑
j=1
{
m
j
}(
n− j − 1
j − 1
)
j!2n−2j−1.
[131]
(0.18)∑
0≤k≤N,k 6=K
(
N
k
)
(−1)k 1
(k −K)m =
(
N
K
)
(−1)K+1 1
m!
Ym(. . . , (i−1)![H(i)N−K+(−1)iH(i)K ], . . .)
where 0 ≤ K ≤ N , Ym(. . . , xi, . . .) are the Bell polynomials and H(i)r =
∑r
j=1 j
−i
Harmonic numbers of the i-th order.
[131]
(0.19)
∑
0≤k≤N,k 6=K
(
N
k
)
(−1)k 1
k −K =
(
N
K
)
(−1)K+1(HN−K −HK)
where 0 ≤ K ≤ N , H(i)r =
∑r
j=1 j
−i Harmonic numbers of the i-th order.
[131]
(0.20)
∑
0≤k≤N
(
N
k
)
(−1)k 1
km
= − 1
m!
Ym(. . . , (i− 1)!H(i)N , . . .)
where H
(i)
r =
∑r
j=1 j
−i Harmonic numbers of the i-th order.
[131]
(0.21)∑
0≤k≤N
(
N
k
)
(−1)k 1
(k − ξ)m = Γ(−ξ)
Γ(N + 1)
Γ(N + 1− ξ)
1
(m− 1)!Ym−1(. . . , (i−1)!ζN (i,−ξ), . . .),
where ζN (i,−ζ) =
∑N
j=0(j − ξ)−j .
[196, §4.3]
(0.22) an =
n∑
k=0
(
p+ k
k
)
bn−k ⇔ bn =
n∑
k=0
(−1)k
(
p+ k
k
)
an−k.
[196, §4.3]
(0.23) an =
n∑
k=0
(
p+ k
k
)
bn−qk ⇔ bn =
n∑
k=0
(−1)k
(
p+ k
k
)
an−qk.
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[196, §4.3]
(0.24) an =
n∑
k=0
(
2k
k
)
bn−k ⇔ bn =
n∑
k=0
1
1− 2k
(
2k
k
)
an−k.
[196, §4.3]
(0.25) an =
n∑
k=0
1
k + 1
(
2k
k
)
bn−k ⇔ bn = an −
n∑
k=1
1
k
(
2k
k
)
an−k.
[189]
(0.26) xn = an + 2
1−n
n∑
k=0
(
n
k
)
xk ⇔ xn = x0 +
n∑
k=0
(−1)k
(
n
k
)
kx¯1 + aˆk − x¯0
1− 21−k
where x¯0 ≡ a0 + x0, x¯1 = a1 + x0 and
(0.27) aˆn =
n∑
k=0
(
n
k
)
(−1)kak.
[189]
(0.28) xn+1 = an+1 + 2
1−n
n∑
k=0
(
n
k
)
xk ⇔ xn = −
n∑
k=0
(−1)k
(
n
k
)
xˆk−2
where x¯0 = 0,
(0.29) xˆn = Qn
n+1∑
i=1
(aˆi − aˆi+1 − a1)/Qi−1, Qn ≡
n∏
k=1
(1− 2−k).
[130]
(0.30) un = Aun−1 −Bun−2, vn = Avn−1 −Bvn−2,
(0.31)
 un+1 =
n∏
j=1
(
A− 2i
√
−B cos πj
n+ 1
)
= (i
√
−B)n
sin
(
(n+ 1) cos−1 −iA
2
√−B
)
sin
(
cos−1 −iA
2
√−B
) ,
(0.32)
 vn =
n∏
k=1
(
A− 2i
√
−B cos π(k − 1/2)
n
)
= 2(i
√
−B)n cos
(
n cos−1
−iA
2
√−B
)
,
where u0 = 0, u1 = 1, v0 = 2, v1 = A
[241]
(0.33)
p−1∑
x=1
F (x) +
p−1∑
x=1
(
x
p
)
F (x) =
p−1∑
x=1
F (x2),
if p is an odd prime and F (x) = F (x+ p), where (xp ) is the Legendre Symbol.
[241]
(0.34)
p−1∑
x=1
(
x
p
)
e(k(x+ x¯)) =
(
k
p
)
i(p−1)
2/4p1/2(e(2k) + e(−2k)).
where x¯ is the unique solution to xx¯ ≡ 1 (mod p), and e(t) = e2piit/p.
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[57]
(0.35)
m∑
k=0
(
m
k
)
(n+ k)!
(n+ k + s)!
an+k+s =
n∑
k=0
(
n
k
)
(−1)n−k(m+ k)!
(m+ k + s)!
bm+k+s
+
s−1∑
j=0
s−1−j∑
i=0
(
s− 1− j
i
)(
s− 1
j
)
(−1)n+1+iaj
(s− 1)!(m+ n+ 1 + i)(m+n+in ) ,
where bn ≡
∑n
k=0
(
n
k
)
ak.
[57]
(0.36)
m∑
k=0
(
m
k
)(
n+ k
s
)
an+k+s =
n∑
k=0
(
n
k
)(
m+ k
s
)
(−1)n−kbm+k+s,
where bn ≡
∑n
k=0
(
n
k
)
ak.
[57]
(0.37)
m∑
k=0
(
m
k
)
(
n+k+s
s
)xm−kAn+k+s(y) = n∑
k=0
(
n
k
)
(
m+k+s
s
) (−1)n+m+sxn−kA∗m+k+s(z)
+
s−1∑
j=0
s−1−j∑
i=0
(
s− 1− j
i
)(
s− 1
j
)
(−1)n+1+ixm+n+s−jsAj(y)
(m+ n+ 1 + i)
(
m+n+i
n
) ,
and
(0.38)
m∑
k=0
(
m
k
)(
n+ k
s
)
xm−kAn+k+s(y) =
n∑
k=0
(
n
k
)(
m+ k
s
)
(−1)n+m+sxn−kA∗m+k+s(z)
where An(x) ≡
∑n
k=0
(
n
k
)
(−1)kakxn−k and A∗n(x) ≡
∑n
k=0
(
n
k
)
(−1)ka∗kxn−k and
a∗n ≡
∑n
k=0
(
n
k
)
(−1)kak and x+ y + z = 1.
[57]
(0.39) an,m =
n∑
k=0
(
n
k
)
αn−kβka0,m+k,
and
(0.40)
n∑
k=0
(
n
k
)
αn−kβka0,m+k =
m∑
k=0
(
m
k
)
(−α)m−kβ−man+k,0,
where an,m ≡ αan−1,m + βan−1,m+1 for n ≥ 1,m ≥ 0.
[112]
(0.41)
xnm =
m∑
k=0
xmk
(
n+ k
2m
)
 xnm =
m∑
k=0
2k + 1
m+ k + 1
(
n+ k
m+ k
)(
n− 1− k
m− k
)
xkk,
for m < n, n ≥ 0, 0 ≤ m ≤ n.
[41]
(0.42)
F (x) ≡
∑
k≥1
f(x/k); G(x) ≡
∑
k≥1
(−)kf(x/k) F (x) = 2−nF (2nx)+
∑
k≥1
2−kG(2kx).
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[41]
(0.43)
F (x) = r1F (m1x) + r2G(m2x) r2
n∑
k=1
rk−11 G(m
k−1
1 m2x) = F (x) − rn1F (mn1x).
[219]
(0.44)
n∑
k=0
(
n
k
)
Hk = 2
n
(
Hn −
n∑
k=1
1
k2k
)
.
where Hk are the harmonic numbers.
[219]
(0.45)
∑
k
(
n
2k
)
1
k + 1
=
n2n+1 + 2
(n+ 1)(n+ 2)
.
[219]
(0.46)
∑
k
(
n
2k + 1
)
1
k + 1
=
2n+1 − 2
n+ 1
.
[200]
(0.47)
n∑
j=0
(
m− a+ b
j
)(
n+ a− b
n− j
)(
a+ j
m+ n
)
=
(
a
m
)(
b
n
)
,
where n,m are integer and a, b real.
[200]
(0.48)
P∑
m=0
(−)m
(
P
m
)(
a−m
M
)
=
(
a− P
M − P
)
,
where P,M are integer and a, b real.
[202]
(0.49)∑
k
(
r
k
)(
s
n+ k
)
=
(
r + s
r + n
)
, r = 0, 1, 2, . . . , n = . . .− 2,−1, 0, 1, 2, 3, . . .
[200, 202]
(0.50)
n∑
m=0
(−)m
(
n
m
)(
a+m
p
)
= (−)n
(
a
p− n
)
,
where n, p are integer and a is real.
[202]
(0.51)
∑
k≥0
(
n+ k
m+ 2k
)(
2k
k
)
(−1)k
k + 1
=
(
n− 1
m− 1
)
.
[202]
(0.52)
s∑
ν=0
(−)ν
(
β
ν
)(
β + s− ν
β
)
α
α+ s− ν =
(α− β)s
(α+ 1)s
.
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[202]
(0.53)
l∑
k=−l
(−)k
(
2l
l + k
)(
2m
m+ k
)(
2n
n+ k
)
=
(l +m+ n)!(2l)!(2m)!(2n)!
(l +m)!(m+ n)!(n+ l)!l!m!n!
, l = min(l,m, n).
[239]
(0.54)
∑
k
∑
j
(
n
k
)(
n+ k
k
)(
k
j
)3
=
∑
k
(
n
k
)2(
n+ k
k
)2
.
[239]
(0.55)∑
k1
∑
k2≤k1
∑
k3≤k2
(k1−k2)(k1−k3)(k2−k3)
(
n
k1
)(
n
k2
)(
n
k3
)
= n2(n−1)8n−2 (3/2)n−2
(3)n−2
.
[239]
(0.56)
∑
i
∑
j
(
i+ j
i
)(
n− i
j
)(
n− j
n− i− j
)
=
n∑
k=0
(
2k
k
)
.
[239]
(0.57)
n∑
i=0
m∑
j=0
(
i+ j
j
)2(
m+m− i− j
n− j
)2
=
1
2
(
2m+ 2n+ 2
2n+ 1
)
.
[239]
(0.58)
k∑
s=0
∑
b≥0
(−)b
(
s
b
)(
k − s
2v − b
)(
k − 2v
s− b
)
=
(
k − v
k − 2v
)
2k−2v, k ≥ 2v.
[239]
(0.59)∑
j,k
(−)j+k
(
j + k
k + l
)(
r
j
)(
n
k
)(
s+ n− j − k
m− j
)
= (−)l
(
n+ r
n+ l
)(
s− r
m− n− l
)
.
[58]
(0.60)
n∑
i=0
n∑
j=0
(
i+ j
i
)(
m− i+ j
j
)(
n− j + i
i
)(
m+ n− i− j
m− i
)
=
(m+ n+ 1)!
m!n!
∑
k
1
2k + 1
(
m
k
)(
n
k
)
.
[58]
(0.61)
n∑
i=0
n∑
j=0
(
i+ j
i
)2(
4n− 2i− 2j
2n− 2i
)
= (2n+ 1)
(
2n
n
)2
.
[58]
(0.62)
⌊m/2⌋∑
i=0
⌊n/2⌋∑
j=0
(
i+ j
i
)2(
m+ n− 2i− 2j
n− 2i
)
=
⌊(m+ n+ 1)/2⌋!⌊(m+ n+ 2)/2⌋!
⌊m/2⌋!⌊(m+ 1)/2⌋!⌊(n+ 1)/2⌋! .
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[58]
(0.63)
∑
i
∑
j
(
n
j
)(
n+ j
j
)(
j
i
)2(
2i
i
)2(
2i
j − i
)
=
∑
k
(
n
k
)3(
n+ k
k
)3
.
[58]
(0.64)∑
j
∑
k
(−1)j+k
(
j + k
k + l
)(
r
j
)(
n
k
)(
s+ n− j − k
m− j
)
= (−1)l
(
n+ r
n+ l
)(
s− r
m− n− l
)
.
[58, 239]
(0.65)
∑
r
∑
s
(−1)n+r+s
(
n
r
)(
n
s
)(
n+ s
s
)(
n+ r
r
)(
2n− r − s
n
)
=
∑
k
(
n
k
)4
.
[209]
(0.66)
(
n
i
)k
=
(
n+ ik − i
ik
)
+A2
(
n+ ik − i− 1
ik
)
+ · · ·Aik−i
(
n+ 1
ik
)
+
(
n
ik
)
,
Ski (n, 0) ≡
(
n
i
)k
;
Ski (n, p) ≡ Ski (1, p− 1) + Ski (2, p− 1) + · · ·Ski (n, k − 1)
=
(
n+ ik − i+ p
ik + p
)
+A2
(
n+ ik − i+ p− 1
ik + p
)
+ · · ·+Aik−i
(
n+ p+ 1
ik + p
)
+
(
n+ p
ik + p
)
where Aj = Aik−i−j+2 for j = 2, 3, . . . , ik − i,
(0.67) Aj =
∣∣∣∣∣∣∣∣∣∣∣∣∣
1 0 0 · · · 0 (ii)k(
ik+1
ik
)
1 0 · · · 0 (i+1i )k(
ik+2
ik
) (
ik+1
ik
)
1 · · · 0 (i+2i )k
...
...
...
...
...
...(
ik+j−1
ik
) (
ik+j−2
ik
) (
ik+j−3
ik
) · · · (ik+1ik ) (i+j−1i )k
∣∣∣∣∣∣∣∣∣∣∣∣∣
[228]
(0.68)
2n∑
k=0
(−)k
(
2n
k
)
(
4n
2k
) = 4n+ 1
2n+ 1
.
[228]
(0.69)
2n∑
k=0
(−)k
(
4n
2k
)
(
2n
k
) = − 1
2n− 1 .
[228]
(0.70)
m∑
k=0
(
m
k
)
(
n+m
p+k
) = n+m+ 1
n+ 1
(
n
p
)−1
,
with m, n, p nonnegative integers and p ≤ n.
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[228]
(0.71)
n∑
k=0
(−)k 1(n+m
m+k
) = n+m+ 1
m+ n+ 2
((
m+ n+ 1
m
)−1
+ (−)n
)
,
with m and n nonnegative integers.
[219]
(0.72)
n∑
k=0
[
n
k
]
Hk = n!
n∑
k=1
ck−1
k!
,
where Hk are the harmonic numbers and [. . .] unsigned Stirling numbers of the first
kind.
[148]
(0.73)
n∑
j=0
(α1)j · · · (αr+1)j
(β1 + 1)j · · · (βr + 1)j =
(α1 + 1)n · · · (αr+1 + 1)n
(β1 + 1)n · · · (βr + 1)nn!
for every integer n ≥ 0 if the r equations∑
1≤i≤r+1
αi =
∑
1≤i≤r
βi,(0.74)
∑
1≤i<j≤r+1
αiαj =
∑
1≤i<j≤r
βiβj ,(0.75)
∑
1≤i<j<k≤r+1
αiαjαk =
∑
1≤i<j<k≤r
βiβjβi,(0.76)
etc. are satisfied.
[219]
(0.77)
n∑
k=0
s(n, k) = s(n− 1, 0) + s(n− 1,−1),
where s(., .) are the Stirling numbers of the first kind.
[219]
(0.78)
n∑
k=0
s(n, k)k = s(n− 1, 1) + s(n− 1, 0).
[219]
(0.79) n!
n∑
k=0
s(k,m)(−1)n−k/k! = s(n+ 1,m+ 1).
[219]
(0.80)
n∑
k=0
s(n, k)km = m![s(n− 1,m) + s(n− 1,m− 1)],
where km = k(k − 1)(k − 2) · · · (k −m+ 1).
[219]
(0.81)
n∑
k=0
s(n, k)km =
m∑
j=0
{
m
j
}
(s(n− 1, j) + s(n− 1, j − 1)) j!.
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[219]
(0.82)
n∑
k=0
s(n, k)
k + 1
= bn,
where bn =
∫ 1
0
xndx are the Cauchy numbers of the first type [212, A006232].
[219]
(0.83) n!
n∑
k=0
[
k
m
]
1
k!
=
[
n+ 1
m+ 1
]
.
where [· · · ] are the unsigned Stirling numbers of the first kind.
[219]
(0.84)
n∑
k=0
[
n
k
]
k =
[
n+ 1
2
]
.
[219]
(0.85)
n∑
k=0
[
n
k
]
km =
[
n+ 1
m+ 1
]
m!,
where km = k(k − 1)(k − 2) · · · (k −m+ 1).
[219]
(0.86)
n∑
k=0
[
n
k
]
km =
m∑
j=0
[
n+ 1
j + 1
]{
m
j
}
j!.
[219]
(0.87)
n∑
k=0
[
n
k
]
1
k + 1
= cn,
where cn =
∫ 1
0
(x)ndx are the Cauchy numbers of the second type [212, A002657],
using Pochhammer’s symbol.
[57]
(0.88)
m∑
k=0
(
m
k
)
(n+ k)!
{
n+ k + s
q
}
=
n∑
k=0
(
n
k
)
(m+ k)!(−1)n−k (m+ k + s)
q
(m+ k + s)!
+
s−1∑
j=0
s−1−j∑
i=0
(
s− 1− j
i
) (−1)n+1+i{ j
q
}
(s− 1− j)!(m+ n+ 1 + i)(m+n+in )
and
(0.89)
m∑
k=0
(n+ k)!
{
n+ k − s
q
}
=
n∑
k=0
(
n
k
)
(m+ k)!(−1)n−k (m+ k − s)
q
(m+ k − s)! .
[164]
(0.90)
{
n
m
}
r
=
n∑
k=2
(
n
k
) k−1∑
l=1
(−1)l−1
(
l + r − 2
l − 1
){
k − l
m− 1
}
r−1
YET ANOTHER TABLE OF INTEGRALS 11
where {}r are r-Stirling numbers of the second kind, namely
(0.91)
{
n
m
}
r
=


0, n < r
δmr n = r
m
{
n− 1
m
}
r
+
{
n− 1
m− 1
}
r
, n > r.
0.2. Numerical Series. [69, 63][212, A152649]
(0.92)
∞∑
n=1
H
(1)
n
n3
=
1
2
ζ2(2),
where H
(r)
n ≡
∑n
k=1
1
kr .
[63]
(0.93)
∞∑
n=1
H
(1)2
n
n4
=
97
24
ζ(6)− 2ζ2(3) ≈ 1.22187994531988.
[63]
(0.94)
∞∑
n=1
H
(1)3
n
n3
= ζ2(3)− 1
3
ζ(6) ≈ 1.1058264444388.
[69]
(0.95)
∞∑
n=1
H
(1)
n
n2p+1
=
1
2
2p∑
j=2
(−1)jζ(j)ζ(2p − j + 2),
where H
(r)
n ≡
∑n
k=1
1
kr .
[43, 163, 216]
(0.96)
∞∑
n=1
H
(1)
n
nm
=
m+ 2
2
ζ(m+ 1)− 1
2
m−2∑
k=1
ζ(m− k)ζ(k + 1),
where H
(r)
n ≡
∑n
k=1
1
kr .
[216]
(0.97)
∞∑
n=1
Hn
n(n+ α)
=
1
2α
[3ζ(2) + ψ2(α) + 2γψ(α) + γ2 − ψ′(x)],
and
(0.98)
∞∑
n=1
Hn
(n+ α)2
= γψ′(α) + ψ(α)ψ′(α)− 1
2
ψ′′(α),
and
(0.99)
∞∑
n=1
Hn
(n+ x)q
=
(−)q
(q − 1)!
[
(ψ(x) + γ))ψ(q−1)(x) − 1
2
ψ(q)(x) +
q−2∑
m=1
(
q − 2
m
)
ψ(m)ψ(q−m−1)(x)
]
.
The paper also demonstrates a finite expansion of
∑
n>=1Hn/[n
q
(
an+k
k
)t
] in terms
of ζ and ψ functions for t = 1 and 2.
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[163]
(0.100) S(r,m) = S(1,m) +
r−1∑
k=1
S(k,m− 1)−B(k,m)
k
.
whereH
(r)
n ≡
∑n
k=1
1
kr , where S(r,m) ≡
∑∞
n=1
H(r)n
nm , whereB(k,m) ≡ m+1Fm(1, 1, . . . , 1, k+
1; 2, 2, . . . , 2; 1) .
[163]
(0.101) S(2, 3) =
π4
72
− π
2
6
+ 2ζ(3) ≈ 2.1120837816098848.
[163]
(0.102) S(2, 4) =
π4
72
+ 3ζ(5)− ζ(3)
(
1 +
π2
6
)
.
[26, 63]
(0.103)
∞∑
k=1
H
(1)2
k
k2
=
17
4
ζ(4).
[26]
(0.104)
∞∑
k=1
H
(1)2
k
(k + 1)n
=
1
3
n(n+ 1)ζ(n+ 2) + ζ(2)ζ(n) − 1
n
n−2∑
k=0
ζ(n− k)ζ(k + 2)
+
1
3
n−2∑
k=2
ζ(n− k)
k−1∑
j=1
ζ(j + 1)ζ(k + 1− j) +
∞∑
k=1
H
(2)
k
(k + 1)n
.
[26]
(0.105)
∞∑
k=1
H
(2)
k
(k + 1)2
=
1
2
ζ2(2)− 1
2
ζ(4) =
1
120
π4.
[203, 26][212, A214508]
(0.106)
A4 ≡
∞∑
k=1
(−)k+1 1
(k + 1)2
H
(2)
k = −4 Li4(1/2)+
13π4
288
+log(2)[−7
2
ζ(3)+
π2
6
log 2− log
3 2
6
].
[26]
(0.107)
∞∑
k=1
H
(2)
k
(k + 1)4
= −6ζ(6) + 8
3
ζ(2)ζ(4) + ζ2(3) = ζ2(3)− 4
2835
π6.
[26]
(0.108)
∞∑
k=1
H
(1)
k
(k + 1)n
=
1
2
nζ(n+ 1)− 1
2
n−2∑
k=1
ζ(n− k)ζ(k + 1).
[26]
(0.109)
∞∑
k=1
H
(2)
k
(k + 1)2n−1
= −1
2
(2n2+n+1)ζ(2n+1)+ζ(2)ζ(2n−1)+
n−1∑
k=1
2kζ(2k+1)ζ(2n−2k).
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[26]
(0.110)
∞∑
k=1
H
(1)2
k
(k + 1)2n−1
=
1
6
(2n2−7n−3)ζ(2n+1)+ζ(2)ζ(2n−1)−1
2
n−2∑
k=1
(2k−1)ζ(2n−1−2k)ζ(2k+2)
+
1
3
n−2∑
k=1
ζ(2k + 1)
n−2−k∑
j=1
ζ(2j + 1)ζ(2n− 1− 2k − 2j).
[64]
(0.111)
∞∑
n=1
(−)n
n(n+ 1)j+1
=
j∑
m=1
(2−m − 1)ζ(m+ 1) + j + 1− 2 ln 2.
[64]
(0.112)
∞∑
n=1
(−)n
nj+1(n+ 1)
= (−)j [
j∑
m=1
(−)m(2−m − 1)ζ(m+ 1) + 1− 2 ln 2].
[64]
(0.113)
∞∑
n=1
(−)n
n(n+ z)j+1
=
j∑
m=1
(−)m
m!zj−m+1
[
1
2m
ψ(m)(z/2)+(−1/2)mm!(z/2)−m−1−ψ(m)(z)−(−)mm!z−1−m]
+
1
zj+1
[ψ(z/2)− ψ(z) + 1/z].
[164]
(0.114)
∞∑
n=1
H
(2)
n
n!
= e
[
1 +
1
4
2F2
(
1 1
3 3
| −1
)]
,
(0.115)
∞∑
n=1
H
(4)
n
2nn!
=
√
e
[
H
(3)
1
211!
+
H
(2)
2
222!
+
H
(1)
3
233!
+
3!
24(4!)2
2F2
(
1 1
5 5
| −1
2
)]
,
where H
(r)
n are hyperharmonic numbers (1.80).
[90]
(0.116)
∞∑
−∞
1
n2 + q2
=
π cothπq
q
.
[90]
(0.117)
∞∑
−∞
1
(n2 + q21)((N − n)2 + q22
=
2π
2q12q2
[1 + nb(q1) + nb(q2)
Ni+ q1 + q2
+
nb(q1)− nb(q2)
Ni− q1 + q2
− nb(q1)− nb(q2)
Ni+ q1 − q2 −
1 + nb(q1) + nb(q2)
Ni− q1 − q2
]
where nb(z) ≡ 1/(e2piz − 1).
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[90] Define the Matsubara sum associated to the Graph G (loopless multigraph
such that the degree of each vertex is at least 2, with I lines) by
(0.118) SG ≡
∞∑
n1=−∞
∞∑
n2=−∞
· · ·
∞∑
nI=−∞
δg(n1, n2, · · ·nI ; {Nv})
(n21 + q
2
1)(n
2
2 + q
2
2) · · · (n2I + q2I )
,
where
(0.119) δg(n1, . . . ; {Nv}) =
V∏
v=1
δTv ,Nv
imposes a series of constraints over the vertices v, and Tv ≡
∑
i s
v
i ni is an algebraic
sum at vertex v, with svi having values ±1 or 0 depending on the orientation of the
line i with respect to the vertex v. The qi are weights associated with the lines i.
Then the integral
(0.120)
I(N, q1, q2, . . .)
∫ ∞
−∞
dx1
∫ ∞
−∞
dx2 · · · 1
(x21 + q
2
1)(x
2
2 + q
2
2) · · · ((N − x1 − x2 · · · )2 + q2I )
is related to the sum via
(0.121) SG = OˆGIG
where the operator OˆG =
∏I
i=1[1 + nbi(1− Rˆi)] is composed of the functions nb of
the previous formula and the reflection operator Rˆi (which switches the sign of the
variable qi).
[89]
(0.122)
∞∑
n=2
1
n(n− 1) =
∑
k≥2
[ζ(k)− 1].
[212, A152416][152]
(0.123)
∞∑
n=2
1
ns(n− 1) = s−
s∑
l=2
ζ(l).
[64]
(0.124)
∞∑
n=1
1
nj+1(n+ 1)
= (−1)j [
j∑
m=1
(−)mζ(m+ 1) + 1].
[64]
(0.125)
∞∑
n=1
1
n(n+ 1)j+1
= −
j∑
m=1
ζ(m+ 1) + j + 1.
[44]
(0.126)
∑
n≥1
1
n(n2 + 1)
= γ + ℜψ(1 + i) ≈ 0.67186598552400983.
[44]
(0.127)
∑
n≥1
1
n2(n2 + 1)
=
π2
6
− π cothπ − 1
2
≈ 0.56826001937964526.
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[186]
(0.128)
∑
n≥1
(−)n−1
n2 − a2 =
1
4
∑
n≥1
(−1)n−1(10n2 − 3n− a2)
n(2n− 1)(n2 − a2)(2nn )∏nj=1(1− a2/(n+ j)2) .
[186]
(0.129)∑
k≥0
k + α
((k + α)2 − a2)((k + α)2 − b2) =
1
2
∑
n≥1
(−)n−1(1± a± b)n−1(5n2 − 6n(1− α) + 2(1− α)2 − a2 − b2)
n
(
2n
n
)
(α± a)n(α± b)n
[186]
(0.130)
∑
k≥0
k + α
(k + α)4 − x2(k + α2)− y4 = . . .
[199]
(0.131)
1
4
∑
(n,m) 6=(0,0)
(n− im)4
(n2 +m2)4
=
1
4
∑
(n,m) 6=(0,0)
1
(n+ im)4
=
Γ8(14 )
3840π2
.
[199]
(0.132)
1
4
∑
(n,m) 6=(0,0)
1
(m+ in)8
=
Γ16(14 )
210525π4
.
[199]
(0.133)
∞∑
m,n=−∞
(−)m(2n+ 1− 2mi)
(2n+ 1 + 2im)3
=
Γ8(14 )
256
√
2π2
[199]
(0.134)
∑
(n,m) 6=(0,0)
(−)m+1(m2 − 2n2)
(m2 + 2n2)2
=
Γ2(18 )Γ
2(38 )
48π
.
[199]
(0.135)
∑
(n,m) 6=(0,0)
(−)m+1(m2 − 4n2)
(m2 + 4n2)2
=
Γ4(14 )
32π
.
[199]
(0.136)
∑
(n,m) 6=(0,0)
(−)mn2
(m2 + 4n2)2
=
Γ4(14 )
256π
− 3π log 2
32
.
[199]
(0.137)
∑
(n,m) 6=(0,0)
(−)m+1m2
(m2 + 4n2)2
=
Γ4(14 )
64π
+
3π log 2
8
.
[199]
(0.138)
∑
(n,m) 6=(0,0)
(−)m+n+1(m2 − 3n2)
(m2 + 3n2)2
=
Γ6(13 )
214/3π2
.
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[199]
(0.139)
∑
(n,m) 6=(0,0)
(−)m(2n2 −m2)
(m2 +mn+ 2n2)2
=
Γ2(17 )Γ
2(27 )Γ
2(47 )
56π2
.
[199]
(0.140)
∑
(n,m) 6=(0,0)
(−)m+nm2n2
(m2 + n2)3
=
Γ8(14 )
293π3
− π log 2
8
.
[199]
(0.141)
∑
(n,m) 6=(0,0)
(−)m+nm4
(m2 + n2)3
= −Γ
8(14 )
293π3
− 3π log 2
8
.
[199]
(0.142)
∑
(n,m) 6=(0,0)
(−)mm2n2
(m2 + n2)3
= − Γ
8(14 )
2103π3
− π log 2
16
.
[158]
(0.143)
∞∑
k=1
1
(2k)2s(2k + 1)2s
=
2s∑
t=1
(
4s− t− 1
2s− 1
){
[1− 1− (−)
t
2t
]ζ(t) − 1
}
.
[158]
(0.144)
∞∑
k=1
1
(2k)2(2k + 1)2
= −3 + π
2
6
+ 2 log 2.
[158]
(0.145)
∞∑
k=1
1
(2k)4(2k + 1)4
= −35 + π
4
90
+ 3ζ(3) +
5π2
3
+ 20 log 2.
[158]
(0.146)
∞∑
n=1
1
n2s(n+ 1)2s
=
2s∑
t=1
(
4s− t− 1
2s− 1
){
[1 + (−)t]ζ(t) − 1} .
[158]
(0.147)
∞∑
n=1
1
n2(n+ 1)2
=
π2
3
− 3.
[158]
(0.148)
∞∑
n=1
1
n4(n+ 1)4
= −35 + 10π
2
3
+
π4
45
.
[126, (387)]
(0.149)
∑
n≥1
(2n− 1)!!
(2n)!!
1
2n+ 1
=
1
6
3F2(1, 3/2, 3/2; 2, 5/2; 1) =
π
2
− 1.
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[144, (1)]
(0.150)
∞∑
n=0
(
2n
n
)
8n
=
√
2.
[144, (1)]
(0.151)
∞∑
n=0
(
2n
n
)
10n
=
√
5/3.
[144, (1)]
(0.152)
∞∑
n=0
(−1)n(2nn )
8n
=
√
2/3.
[144][212, A145439]
(0.153)
∞∑
n=0
(
4n
2n
)
64n
=
3
√
2 +
√
6
6
[144]
(0.154) 4
∞∑
n=0
(
8n
4n
)
84n
=
3
√
2 +
√
6
3
+
2
√
2 +
√
5√
5
.
[144, (6)]
(0.155)
∞∑
n=1
(
2n
n
)
n4n
= log 4.
[144, (6)][212, A157699]
(0.156)
∞∑
n=1
(−1)n+1(2nn )
n4n
= 2 log
1 +
√
2
2
,
The formula above corrects a factor 2 in [144], see [153].
[212, A091648]
(0.157)
∞∑
n=1,3,5,7,...
(
2n
n
)
n4n
= log(1 +
√
2).
[144, (7)]
(0.158)
∞∑
n=1
(
2n
n
)
n(n+ 1)4n
= log 4− 1.
[144, (8)]
(0.159)
∞∑
n=1
n
(
2n
n
)
8n
= 1/
√
2.
[144]
(0.160)
∞∑
n=1
n2
(
2n
n
)
8n
=
5
√
2
4
.
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[144][212, A019670]
(0.161)
∞∑
n=0
(
2n
n
)
(2n+ 1)16n
=
π
3
.
[212, A086466]
(0.162)
∞∑
m=1
(−1)m−1
m
(
2m
m
) = 2√
5
log
1 +
√
5
2
.
This corrects a factor 2 in [144] and two typos in [21, 4.1.42], see [153].
[144, (15)] [81, 228][212, A073016]
(0.163)
∞∑
m=1
1(
2m
m
) = 9 + 2π√3
27
.
[228]
(0.164)
∞∑
k=0
1(
mk
nk
) = ∫ 1
0
1 + (m− 1)tn(1− t)m−n
(1− tn(1− t)m−n)2 dt,
where m and n are positive integers with m > n.
[228]
(0.165)
∞∑
k=0
1(
4k
2k
) = 16
15
+
π
√
3
27
− 2
√
5
25
ln
1 +
√
5
2
.
[144][212, A086465]
(0.166)
∞∑
n=1
(−1)n−1(
2n
n
) = 1
5
+
4
√
5
25
log
1 +
√
5
2
.
[144, 81][212, A145429]
(0.167)
∞∑
m=1
m(
2m
m
) = 2
27
(π
√
3 + 9).
[47, 48] And by linear combination with (0.163):
(0.168)
∑
n≥1
18− 9n(
2n
n
) = 2 π√
3
.
[144, 81]
(0.169)
∞∑
m=1
m2(
2m
m
) = 2
81
(5π
√
3 + 54).
[144, 81]
(0.170)
∞∑
m=1
m3(
2m
m
) = 2
243
(37π
√
3 + 405).
[144][212, A145433]
(0.171)
∞∑
m=1
(−1)m−1m(
2m
m
) = 2
125
(2σ + 15), σ ≡ √5 log 1 +
√
5
2
.
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[144]
(0.172)
∞∑
m=1
(−1)m−1m2(
2m
m
) = 2
125
(5− σ).
Erratum to [21, 4.1.40]:
(0.173)
∞∑
n=0
(−1)n−1n2(
2n
n
) = 4
125
[
5−
√
5 ln
(
1 +
√
5
2
)]
.
(0.174)
∞∑
m=1
(−1)m−1m3(
2m
m
) = 2
625
(14σ − 5),
which corrects a factor 2 in [144], see [153].
[144, 81]
(0.175)
∞∑
m=1
2m
m2
(
2m
m
) = π2
8
,
a special case of (1.19).
[144]
(0.176)
∞∑
m=1
2m
m
(
2m
m
) = π
2
.
[144]
(0.177)
∞∑
m=1
2m(
2m
m
) = π
2
+ 1.
[144]
(0.178)
∞∑
m=1
m2m(
2m
m
) = π + 3.
[144, 81]
(0.179)
∞∑
m=1
m22m(
2m
m
) = 1
5
∞∑
m=1
m32m(
2m
m
) = 7π
2
+ 11.
[144, 81]
(0.180)
∞∑
m=1
m42m(
2m
m
) = 113π + 355.
[144, 81]
(0.181)
∞∑
m=1
m102m(
2m
m
) = 229093376π+ 719718067.
[144]
(0.182)
∞∑
m=1
3m
m2
(
2m
m
) = 2π2
9
,
a special case of (1.19).
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[144][212, A186706]
(0.183)
∞∑
m=1
3m
m
(
2m
m
) = 2π√
3
≡ ν.
[144]
(0.184)
∞∑
m=1
3m(
2m
m
) = 2ν + 3.
[144]
(0.185)
∞∑
m=1
m3m(
2m
m
) = 10ν + 18.
[144]
(0.186)
∞∑
m=1
m23m(
2m
m
) = 2(43ν + 78).
[144]
(0.187)
∞∑
m=1
(−1)m−12m
m
(
2m
m
) = ρ/3, ρ ≡ √3 log(2 +√3).
[15]
(0.188)
∞∑
m=1
(2t)2m+2k
m(2m+ 2k)
(
2m
m
) = arcsin2(t)(2k
k
)
+
k∑
j=1
(
2k
k − j
)
(−)j+1
j2
+
k∑
j=1
(−)j
(
2k
k − j
)(
2 arcsin t sin(2j arcsin t)
j
+
cos(2j arcsin t)
j2
)
,
and a similar logarithmic result for an alternating sign sum on the left hand side.
[15]
(0.189)
∞∑
m=1
(2t)2m+2k
m2(2m+ 2k)
(
2m
m
) = − 1
k
arcsin2(t) +
(2t)2k
k
arcsin2 t−
k∑
j=1
(
2k
k − j
)
(−)j+1
kj2
−
k∑
j=1
(−)j
(
2k
k − j
)(
2 arcsin t sin(2j arcsin t)
kj
+
cos(2j arcsin t)
kj2
)
,
and a similar logarithmic result for an alternating sign sum on the left hand side.
[144]
(0.190)
∞∑
m=1
(−1)m−12m(
2m
m
) = ρ+ 3
9
.
[144]
(0.191)
∞∑
m=1
(−1)m−1m2m(
2m
m
) = 1
3
.
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[144]
(0.192)
∞∑
m=1
(−1)m−1m22m(
2m
m
) = 1
27
(3− ρ).
[144]
(0.193)
∞∑
m=1
(−1)mm32m(
2m
m
) = 1
81
(ρ+ 15).
[144]
(0.194)
∞∑
m=1
(2−√2)m(
2m
m
) = 3− 2√2
4
(π
√
2 + 4).
[144]
(0.195)
∞∑
m=1
(−1)m−132m
4m
(
2m
m
) = 48
125
(log 2 +
15
16
).
[144][212, A152422]
(0.196)
∞∑
m=1
2m(2 −√3)m
m2
(
2m
m
) = 2 (arcsin τ)2 , τ = √3− 1
2
=
√
2 sin
π
12
= sin
π
3
− sin π
6
,
where both right hand sides in [144] are erroneous, see [153].
[47, 48, 10]
(0.197)
∑
n≥0
50n− 6(
3n
n
)
2n
= π.
[47, 48]
(0.198)
∑
n≥1
1(
3n
n
)
2n
=
2
25
− 6
125
ln 2 +
11
250
π.
[47, 48]
(0.199)
∑
n≥1
n(
3n
n
)
2n
=
81
625
− 18
3125
ln 2 +
79
3125
π.
[47, 48]
(0.200)
∑
n≥1
n2(
3n
n
)
2n
=
561
3125
+
42
15625
ln 2 +
673
31250
π.
[47, 48]
(0.201)
∑
n≥1
−150n2 + 230n− 36(
3n
n
)
2n
= π.
[47, 48]
(0.202)
∑
n≥1
575n2 − 965n+ 273(
3n
n
)
2n
= 6 log 2.
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[47, 48]
(0.203)
∑
n≥1
(−1)n(
3n
n
)
4n
= − 1
28
− 3
32
ln 2 +
13
112
arctan(
√
7/5)√
7
.
[47, 48]
(0.204)
∑
n≥1
(−1)nn(
3n
n
)
4n
= − 81
1568
− 9
256
ln 2 +
17
6272
arctan(
√
7/5)√
7
.
[47, 48]
(0.205)
∑
n≥1
1
n
(
3n
n
)
2n
=
1
10
π − 1
5
ln 2.
[47, 48]
(0.206)
∑
n≥1
1
n2
(
3n
n
)
2n
=
1
24
π2 − 1
2
ln2 2.
[42]
(0.207)
∞∑
j=1
(−1)j
j!
(j/2)! = 1− 1
2
e1/4
√
π(1− erf(1/2)).
Erratum to [21, 4.1.47][212, A145438]: Using twice 9.14.+13, then [111, 9.121.6]
and [111, 9.121.26], then substituting tt′/4 = z2, then y =
√
t′/4, then arcsin y = v
∞∑
n=1
1
n3
(
2n
n
) = 1
2
4F3(1, 1, 1, 1; 2, 2, 3/2; 1/4) =
1
2
∫ 1
0
dt 3F2(1, 1, 1; 2, 3/2; t/4)
=
1
4
∫ 1
0
dt
∫ 1
0
dt′ 2F1(1, 1; 3/2; tt′/4) =
1
4
∫ 1
0
dt
∫ 1
0
dt′
1√
1− tt′/4 2F1(1/2, 1/2; 3/2; tt
′/4)
=
1
4
∫ 1
0
dt
∫ 1
0
dt′
1√
1− tt′/4
arcsin(
√
tt′/4)√
tt′/4
=
∫ 1
0
dt′
t′
∫ √t′/4
0
dz
arcsin z√
1− z2 =
1
2
∫ 1
0
dt′
t′
arcsin2(
√
t′/4)
=
∫ √1/2
0
dy
y
arcsin2 y =
∫ sin√1/2
0
v2 cot vdv.
This becomes [47, (35)][144][46, Theorem 3.3]
(0.208)
2π
3
ℑLi2(eipi/4)− 4
3
ζ(3) =
2π
3
Cl2(π/3)− 4
3
ζ(3) =
π
√
3
18
{ψ′(1/3)− ψ′(2/3)}− 4ζ(3)
3
.
So the r.h.s. of [144] is missing a factor 4, and [19, 4.1.47] is in addition misleading
to imply that the digamma (instead of the trigamma) functions are in effect [153].
[215]
(0.209)
∞∑
n=1
tn
nk+1
(
an+j+1
j+1
) =
{
(j+1)t(−)k
k!
∫ 1
0
∫ 1
0
(1−x)jxa(ln y)k
1−txay dxdy, k ≥ 1
at
∫ 1
0
(1−x)j+1xa−1
1−txa dx, k = 1
= T0 a+k+1Fa+k
( 1, 1, . . . , 1; (a+ 1)/a, . . . , (2a− 1)/a
2, 2, . . . , 2; (a+ j + 2)/a, . . . , (a+ j + a+ 1)/a
| t
)
where T0 = t(j + 1)B(j + 1, a+ 1).
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[82]
(0.210)
1
2m
∞∑
i=1
(
i+ 1
2
)−m
= (−)m−1
(
2m− 1
m
)
+ (−)m2
⌊m/2⌋∑
i=1
(
2m− 2i− 1
m− 1
)
ζ(2i).
[47, 144][212, A073010]
(0.211)
∑
n≥1
1
n
(
2n
n
) = π
3
√
3
.
(0.212)
∑
n≥1
1
n2
(
2n
n
) = 1
3
ζ(2).
a special case of (1.19).
[114]
(0.213)
∑
n≥1
1
n4
(
2n
n
) = 17
36
ζ(4).
[114]
(0.214)
∑
n≥1
1
n5
(
2n
n
) = 2πCl4(π/3)− 19
3
ζ(5) +
2
3
ζ(3)ζ(2).
[114]
(0.215)
∑
n≥1
1
n6
(
2n
n
) = −4π
3
ℑL4,1(eipi/3) + 3341
1296
ζ(6)− 4
3
ζ2(3).
[114]
(0.216)
∑
n≥1
(−1)n
n
(
2n
n
) = −2arctanh(1/√5)√
5
.
Correction of a sign error in [144], see [153]:
(0.217)
∑
n≥1
(−1)n
n2
(
2n
n
) = −2
(
ln
√
5− 1
2
)2
= −2
(
ln
√
5 + 1
2
)2
.
[47, 48]
(0.218)
∑
n≥1
(−1)n
n3
(
2n
n
) = −2
5
ζ(3).
[47, 48]
(0.219)∑
n≥1
(−1)n
n4
(
2n
n
) = −4K4(ρ)+4K4(−ρ)+1
2
ln4 ρ+7ζ(4), Kk(x) ≡
k−1∑
r=0
(− ln |x|)r
r!
Lk−r(x).
[186]
(0.220)
1
2
∑
n≥1
(−)n−1(10n− 3)
n2(2n− 1)(2nn ) = ζ(2).
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[186]
(0.221)
∑
n≥1
21n− 8
n3
(
2n
n
)3 = ζ(2).
[47, 48]
(0.222)
∑
n≥1
1
n3
(
3n
n
)
2n
= −33
16
ζ(3) +
1
6
ln3 2− 1
24
π2 ln 2 + πℑL2(i).
[47, 48]
(0.223)∑
n≥1
1
n4
(
3n
n
)
2n
= −143
16
ζ(3) ln 2+
91
640
π4−3
8
ln4 2+
3
8
π2 ln2 2−8L4(1/2)−8ℜL3,1(1 + i
2
)−8ℜL4(1 + i
2
).
[47, 48]
∑
n≥1
(−1)n
8nn
(
6n
2n
) = (−1
3
+
2
57
√
114
√
57− 342
)
ln 2− 1
114
√
114
√
57− 342 ln
(
13 +
√
57 +
√
−30 + 26√57
)
+
1
57
√
114
√
57 + 342 arctan
√
2
√
57 + 9
7
.
[47, 48]
(0.224)
∑
n≥1
(−1)n
2nn
(
4n
n
) = ∑
13+12r+2r3=0
ln(r + 2)
r + 3
− 6
7
ln 3 +
1
7
ln 2.
[47, 48]
(0.225)
∑
n≥1
(−1)n
n
(
3n
n
) = ∑
8+4r+r3=0
ln(r + 2)
r + 3
− ln 2.
[246] Let Ak ≡
∑∞
n=0
(
n+k
n
)
/
(
2n
n
)
, then
(0.226) Ak+1 = − 2
3(k + 1)
+
2(2k + 3)
3(k + 1)
Ak.
[246] Let Bk ≡
∑∞
n=0(−1)n
(
n+k
n
)
/
(
2n
n
)
, then
(0.227) Bk+1 = − 2
5(k + 1)
+
2(2k + 3)
5(k + 1)
Bk.
and similar recurrences with an additional factor n or n2 in the denominator of the
sums.
[10]
(0.228)
1
325272
∑
n≥0
−89286 + 3875948n− 34970134n2+ 110202472n3− 115193600n4(
8n
4n
)
(−4)n = π.
[169]
(0.229)
∞∑
n=1
arctan
2θ2
n2
= (
1
4
+m)π − arctan tanhπθ
tanπθ
.
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[169]
(0.230)
∞∑
n=1
arctan
2k2
n2
= (k − 1
4
)π.
[169]
(0.231)
∞∑
n=1
arctan
k2
2n2
= (k − 1
2
)
π
2
.
[169]
(0.232)
∞∑
k=1
arctan
z2n
k2n
= (z sec
π
4n
−1
2
)
π
2
+
n∑
k=1
(−)k arctan sin ζ
cos ζ − exp η , 0 < |z| <∞;n = 1, 2, 3, . . .
where ζ ≡ 2πz cos 2k−14n π, η = 2πz sin 2k−14n π.
[169]
(0.233)
∞∑
k=1
arctan
x4
k4
= [α− arctan sin 2α
cos 2α− exp 2β ]− [β − arctan
sin 2β
cos 2β − exp 2α ]−
π
4
where α = πx cosπ/u and β = πx sinπ/8.
[41]
(0.234)
∞∑
k=1
arctan
2
k2
=
3π
4
.
[41][212, A091007]
(0.235)
∞∑
k=1
arctan
1
k2
= arctan
tan(π/
√
2)− tanh(π/√2)
tan(π/
√
2) + tanh(π/
√
2)
.
[41]
(0.236)
∞∑
k=1
arctan
a
a2k2 + a(a+ 2b)k + 1 + ab+ b2
=
π
2
− arctan(a+ b).
[41]
(0.237)
∞∑
k=1
arctan
a2k2 + a2k − 1− b2
a4k4 + 2a3(a+ 2b)k3 + a2(2 + a2 + 6ab+ 6b2)k2 + 2a(a+ 2b)(1 + ab+ b2) + (1 + b2)(1 + [a+ b]2)
=
1
1 + (a+ b)2
.
[41]
(0.238)
∞∑
k=1
arctan
2ak + a+ b
a4k4 + a3k3 + a2k2 + a1k + a0
=
π
2
− arctan(a+ b+ c).
[41]
(0.239)
n∑
k=1
arctan
f(k + 1)− f(k − 1)
1 + f(k + 1)f(k − 1) = arctan f(n+1)−arctanf(1)+arctanf(n)−arctanf(0).
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[41]
(0.240)
∞∑
k=1
arctan
8k
k4 − 2k2 + 5 = π − arctan
1
2
.
[41]
(0.241)
∞∑
k=1
arctan
4ak
k4 + a2 + 4
= arctan
a
2
+ arctana.
[41]
(0.242)
∞∑
k=1
arctan
2xy
k2 − x2 + y2 = arctan
y
x
− arctan tanhπy
tanπx
.
[41]
(0.243)
∞∑
k=1
k2
k4 + 4x4
=
π
4x
sin 2πx− sinh 2πx
cos 2πx− cosh 2πx.
[41]
(0.244)
∞∑
k=1
k2
k4 + 4
=
π
4
cothπ.
[41]
(0.245)
∞∑
k=1
k2
k4 + x2k2 + x4
=
π
2x
√
3
sinhπx
√
3−√3 sinπx
coshπx
√
3− cosπx .
[184]
(0.246)
∞∑
k=1
A0 +B0k + C0k
2
(k2 − a2)(k2 − b2) =
∞∑
n=1
dn∏n
m=1(m
2 − a2)(m2 − b2)
for |a| < 1, |b| < 1, with dn defined via a recurrence in the reference.
(0.247)
∞∑
n=0
nxn =
x
(1 − x)2 .
(0.248)
∞∑
n=0
n2xn =
x(1 + x)
(1− x)3 .
[212, A000578]
(0.249)
∞∑
n=0
n3xn =
x(1 + 4x+ x2)
(1− x)4 .
[212, A000583]
(0.250)
∞∑
n=0
n4xn =
x(1 + x)(1 + 10x+ x2)
(1− x)5 .
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[212, A000584]
(0.251)
∞∑
n=0
n5xn =
x(1 + 26x+ 66x2 + 26x3 + x4)
(1− x)6 .
[212, A001014]
(0.252)
∞∑
n=0
n6xn =
x(x+ 1)(1 + 56x+ 246x2 + 56x3 + x4)
(1− x)7 .
[212, A001015]
(0.253)
∞∑
n=0
n7xn =
x(1 + 120x+ 1191x2 + 2416x3 + 1191x4 + 120x5 + x6)
(1− x)8 .
See [212, A008292] for coefficients in the numerator polynomial if exponents of n
are higher than 7. The pole at x = 1 in the generating functions obviously delimits
the radius of convergence.
[118] Let
(0.254) Sa,p(n) ≡
n∑
k=0
akkp;
then
(0.255) Sa,p(n) =
an+1
a− 1
p−1∑
r=0
(
p
r
)
fr(a)(n+ 1)
p−r + fp(a)
an+1 − 1
a− 1
with
(0.256) f0(a) = 1, a
r∑
j=0
(
r
j
)
fj(a)− fr(a) = 0, r = 1, 2, . . .
[8]
(0.257)
∞∑
k=0
(−1)k
(2k + 1)2
= G.
[8, 51]
(0.258) 2
∞∑
k=0
1
(4k + 1)2
= G+
π2
8
.
[8, 51]
(0.259) − 2
∞∑
k=0
1
(4k + 3)2
= G− π
2
8
.
[51]
(0.260)
∞∑
n=0
1
2n+1
∞∑
k=0
(
n
k
)
(−1)k
(2k + 1)2
= G.
[51]
(0.261) 1−
∞∑
n=1
nζ(2n+ 1)
16n
= G.
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[51]
(0.262)
1
4
∞∑
n=1
n16−n(32n − 1)ζ(2n+ 1) = G− 1
6
(and similar ζ-sums).
[51]
(0.263)
∞∑
n=0
1
n+ 1
(
n+ 1/2
n
)−2
= 4F3(1, 1, 1, 1; 2,
3
2
,
3
2
; 1) = 2πG− 7
2
ζ(3).
[51]
(0.264) 2
∞∑
n=0
(−1)n+1
n2
n−1∑
k=0
1
2k + 1
= 2πG− 7
2
ζ(3).
[51]
(0.265)
∞∑
n=0
2n
(2n+ 1)
(
2n
n
) n∑
k=0
1
2k + 1
= 2G.
[51]
(0.266)
∞∑
n=0
4n
(2n+ 1)2
(
2n
n
) = 2G.
[51]
(0.267)
3
8
∞∑
n=0
1
(2n+ 1)2
(
2n
n
) = G− 1
8
π log(2 +
√
3).
[51]
(0.268)
∞∑
n=0
(−1)n
2n+ 1
n∑
k=1
1
k
= G− 1
2
π log 2.
[51]
(0.269) − 2
∞∑
n=0
(−1)n
2n+ 1
n−1∑
k=0
1
2k + 1
= G− 1
4
π log 2.
[51]
(0.270) − 1
32
π
∞∑
n=0
(2n+ 1)2
(n+ 1)316n
(
2n
n
)2
= G− 1
2
π log 2.
[51]
(0.271)
∞∑
n=0
√
2
(2n+ 1)28n
(
2n
n
)
= G+
1
4
π log 2.
[51]
(0.272)
∞∑
n=1
sin(nπ/4)
n22n/2
= G− 1
8
π log 2.
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[51]
(0.273)
∞∑
n=0
2n+1(n!)2
(2n+ 1)!(n+ 1)2
= 2πG− 35
8
ζ(3) +
1
4
π2 log 2.
[51]
(0.274)
1
4
π 3F2(1/2, 1/2, n+ 1/2; 1, n+ 3/2; 1)− 1
2
n−1∑
k=0
(k!)2
(32 )
2
k
= G.
[223, §1.2]
(0.275)
∑
m,n∈Z
1
(mz + n)k
= 2ζ(k) + 2
(2πi)k
(k − 1)!
∑
n≥1
σk−1(n)e2piizn,
where k is an even integer ≥ 4 and where the sum is over all integer pairs such that
mz + n 6= 0.
[92, 93] Let T denote Tornheim double sums
(0.276) T (a, b, c) ≡
∞∑
r=1
∞∑
s=1
1
rasb(r + s)c
with a+ c > 1, b+ c > 1 and a+ b+ c > 2. Then
(0.277)
T (m, k, n) =
m∑
i=1
(
m+ k − i− 1
m− i
)
T (i, 0, N−i)+
k∑
i=1
(
m+ k − i − 1
k − i
)
T (i, 0, N−i).
T (m, 0, n) = (−1)m
⌊(n−1)/2⌋∑
j=0
(
m+ n− 2j − 1
m− 1
)
ζ(2j)ζ(m+ n− 2j)
+ (−1)m
⌊m/2⌋∑
j=0
(
m+ n− 2j − 1
n− 1
)
ζ(2j)ζ(m+ n− 2j)− 1
2
ζ(m+ n),
if N ≡ m+ k + n is odd.
(0.278) T (1, 0, 5) =
3
4
ζ(6)− 1
2
ζ2(3).
(0.279) T (2, 0, 4) = ζ2(3)− 4
3
ζ(6).
(0.280) T (3, 0, 3) =
1
2
ζ(3)2 − 1
2
ζ(6).
(0.281) T (4, 0, 2) = −ζ2(3) + 25
12
ζ(6).
(0.282) T (0, 0, N) = ζ(N − 1)− ζ(N), N ≥ 3; T (0, 0, 4) = ζ(3)− π
4
90
.
(0.283) T (n, 0, n) =
1
2
ζ2(n)− 1
2
ζ(2n). T (2, 0, 2) =
π4
120
.
(0.284) T (0, 0, 8) = ζ(7)− ζ(8).
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(0.285) T (1, 0, 7) =
5
4
ζ(8)− ζ(3)ζ(5).
(0.286) T (4, 0, 4) =
1
12
ζ(8).
(0.287) T (0, 0, 14) = ζ(13)− ζ(14).
(0.288) T (1, 0, 13) =
11
4
ζ(14)− ζ(3)ζ(11)− ζ(5)ζ(9) − 1
2
ζ(7)2.
(0.289) T (1, 0, 2) = ζ(3).
(0.290) T (1, 1, 1) = 2ζ(3).
(0.291) T (1, 0, 3) =
π4
360
.
(0.292) T (1, 1, 2) =
π4
180
.
(0.293) T (2, 1, 1) =
π4
72
.
(0.294) T (2, 2, 0) =
π4
36
.
(0.295) T (1, 0, 5) =
3
4
ζ(6)− 1
2
ζ2(3).
(0.296) T (3, 3, 0) = ζ2(3).
(0.297) T (4, 1, 1) =
7
6
ζ(6)− 1
2
ζ2(3).
(0.298) T (4, 2, 0) =
7
4
ζ(6).
(0.299) T (1, 1, 4) =
3
2
ζ(6)− ζ2(3).
[183, 180]
(0.300)
∞∑
n=0
1
(n+ a)(n+ b)
=
ψ(a)− ψ(b)
a− b .
[183]
(0.301)
∞∑
n=0
(−)n
(n+ a)(n+ b)
= −1
2
ψ(1/2 + a/2)− ψ(a/2)− ψ(1/2 + b/2) + ψ(b/2)
a− b .
[64]
(0.302)
∞∑
l=1
1
l
∏N
j=0(l + j)
= ζ(2) +
N∑
k=1
(−)k
k
(
N
k
)
[ψ(k + 1) + γ].
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[64]
(0.303)
∞∑
l=1
(−)l
l
∏N
j=0(l + j)
= −1
2
ζ(2) +
N∑
k=1
(−)k
k
(
N
k
)
[ψ(1 + k/2)− ψ(1 + k)].
[180]
(0.304)
∞∑
n=1
1
n2
[γ + ψ(1 + kn)] = (
k2
2
+
3
2k
)ζ(3) + π
k−1∑
j=1
jCl2(
2πj
k
).
[180]
(0.305)
∞∑
n=1
(−)n
n2
[γ + ψ(1 + kn)] = (
k2
2
− 9
8k
)ζ(3) + π
k−1∑
j=1
jCl2(
2πj
k
+
π
k
).
In the two previous formulas, k = 1, 2, 3, . . . and sums over j are understood to be
zero when k = 1.
[180]
(0.306)
∞∑
n=1
1
n2
[γ + ψ(kn)] = (
k2
2
+
1
2k
)ζ(3) + π
k−1∑
j=1
jCl2(
2πj
k
).
[180]
(0.307)
∞∑
n=1
(−)n
n2
[γ + ψ(kn)] = (
k2
2
− 3
8k
)ζ(3) + π
k−1∑
j=1
jCl2(
2πj
k
+
π
k
).
[109]
(0.308) log 2 =
1
2
−
∑
k≥1
(−1)k
k(4k4 + 1)
.
After inserting x = 1 in (1.68), [21, 4.1.13]
(0.309) 2 ln 2 = 1 +
∞∑
k=1
(−1)k+1 1
k(k + 1)
= 1 + 2
∞∑
k=1,3,5,...
1
k(k + 1)(k + 2)
= 1 + 4
∞∑
k=1,5,9,13...
6 + 4k + k2
k(k + 1)(k + 2)(k + 3)(k + 4)
.
[21, 4.1.20]
2 ln 2 =
5
4
+
∞∑
k=1
(−1)k+1 1
k(k + 1)(k + 2)
=
5
4
+ 3
∞∑
k=1,3,5,...
1
k(k + 1)(k + 2)(k + 3)
=
17
12
− 3
∞∑
k=2,4,6,...
1
k(k + 1)(k + 2)(k + 3)
.
(0.310)
4
3
ln 2 =
8
9
+
∞∑
k=1
(−1)k+1 1
k(k + 1)(k + 2)(k + 3)
=
8
9
+4
∞∑
k=1,3,5,...
1
k(k + 1)(k + 2)(k + 3)(k + 4)
.
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More irregular denominators follow from hybridization. For example we can mul-
tiply the penultimate formula by 4, the previous formula by 3, and subtract
(0.311) 4 ln 2 =
7
3
+ 12
∞∑
k=1,3,5,...
1
k(k + 1)(k + 2)(k + 4)
.
2
3
ln 2 =
131
288
+
∞∑
k=1
(−1)k+1 1
k(k + 1)(k + 2)(k + 3)(k + 4)
=
131
288
+ 5
∞∑
k=1,3,5,...
1
k(k + 1)(k + 2)(k + 3)(k + 4)(k + 5)
.
Inserting x = −1/2 in (1.68) [109, 27] yields
(0.312) ln 2 = 1−
∞∑
k=1
1
2kk(k + 1)
.
(0.313) ln 2 =
1
2
+
∞∑
k=1
1
2k−1k(k + 1)(k + 2)
.
(0.314) ln 2 =
5
6
− 3
∞∑
k=1
1
2k−1k(k + 1)(k + 2)(k + 3)
.
More irregular denominators follow from hybridization. For example we can mul-
tiply the penultimate formula by 3 and add to the previous formula,
(0.315) 4 ln 2 =
7
3
+ 3
∞∑
k=1
1
2k−1k(k + 1)(k + 3)
.
(0.316) ln 2 =
7
12
+ 3
∞∑
k=1
1
2k−3k(k + 1)(k + 2)(k + 3)(k + 4)
.
[109]
(0.317) log 2 =
1327
1920
+
45
4
∑
k≥4
(−1)k
k(k2 − 1)(k2 − 4)(k2 − 9) .
[109]
(0.318) log 2 =
∑
k≥1
(
1
3k
+
1
4k
)
1
k
.
(0.319) log 2 =
∑
k≥0
(
1
8k + 8
+
1
4k + 2
)
1
4k
.
[109]
(0.320) log 2 =
2
3
+
1
2
∑
k≥1
(
1
2k
+
1
4k + 1
+
1
8k + 4
+
1
16k + 12
)
1
16k
,
with a factor 1/2 corrected on the right hand side.
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[109]
(0.321) log 2 =
2
3
∑
k≥0
1
(2k + 1)9k
.
(0.322) log 2 =
3
4
∑
k≥0
(−1)kk!2
2k(2k + 1)!
.
[109]
(0.323) log 2 =
3
4
+
1
4
∑
k≥1
(−1)k(5k + 1)
k(2k + 1)16k
(
2k
k
)
.
[212, A154920][28]
(0.324) log 3 =
∑
k≥1
[
9
2k − 1 +
1
2k
]
1
9k
.
[212, A164985][28]
(0.325) 27 log 5 = 4
∑
k≥0
[
9
4k + 1
+
3
4k + 2
+
1
4k + 3
]
1
81k
.
(0.326) log 5 = 2 log 3− log 2 +
∞∑
k=1
1
k10k
.
(0.327) 4 log 7 = 5 log 2 + log 3 + 2 log 5 +
∞∑
k=1
(−1)k
k2400k
.
[28]
(0.328) 35 log 7 =
∑
k≥0
[
405
6k + 1
+
81
6k + 2
+
72
6k + 3
+
9
6k + 4
+
5
6k + 5
]
1
36k
.
[28]
(0.329)
2× 39 log 11 =
∑
k≥0
[ 85293
10k + 1
+
10935
10k + 2
+
9477
10k + 3
+
1215
10k + 4
+
648
10k + 5
+
135
10k + 6
+
117
10k + 7
+
15
10k + 8
+
13
10k + 9
] 1
310k
.
(0.330) log 11 = log 2 + log 5 +
∞∑
k=1
(−1)k+1
k10k
.
(0.331) log 11 = 2 log 2 + log 3−
∞∑
k=1
1
k12k
.
(0.332) log 11 = 2(log 2 + log 5− log 3)−
∞∑
k=1
1
k100k
.
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Table 1. Formulas of the type s log p = t log q +
∑∞
k=1
(−1)k+1
k r
k. [154]
s p t q r
1 3 1 2 1/2 ≈ 0.50000000
1 3 2 2 −1/4 ≈ −0.25000000
2 3 3 2 1/8 ≈ 0.12500000
5 3 8 2 −13/256 ≈ −0.05078125
12 3 19 2 7153/524288≈ 0.01364326
1 5 2 2 1/4 ≈ 0.25000000
3 5 7 2 −3/128 ≈ −0.02343750
1 7 2 2 3/4 ≈ 0.75000000
1 7 3 2 −1/8 ≈ −0.12500000
5 7 14 2 423/16384≈ 0.02581787
1 11 3 2 3/8 ≈ 0.37500000
2 11 7 2 −7/128 ≈ −0.05468750
11 11 38 2 10433763667/274877906944≈ 0.03795781
1 13 3 2 5/8 ≈ 0.62500000
1 13 4 2 −3/16 ≈ −0.18750000
3 13 11 2 149/2048 ≈ 0.07275391
7 13 26 2 −4360347/67108864≈ −0.06497423
10 13 37 2 419538377/137438953472≈ 0.00305254
1 17 4 2 1/16 ≈ 0.06250000
1 19 4 2 3/16 ≈ 0.18750000
4 19 17 2 −751/131072≈ −0.00572968
1 23 4 2 7/16 ≈ 0.43750000
1 23 5 2 −9/32 ≈ −0.28125000
2 23 9 2 17/512 ≈ 0.03320312
1 29 4 2 13/16 ≈ 0.81250000
1 29 5 2 −3/32 ≈ −0.09375000
7 29 34 2 70007125/17179869184≈ 0.00407495
1 31 4 2 15/16 ≈ 0.93750000
1 31 5 2 −1/32 ≈ −0.03125000
1 37 5 2 5/32 ≈ 0.15625000
4 37 21 2 −222991/2097152≈ −0.10633039
5 37 26 2 2235093/67108864≈ 0.03330548
1 41 5 2 9/32 ≈ 0.28125000
2 41 11 2 −367/2048≈ −0.17919922
3 41 16 2 3385/65536≈ 0.05165100
1 43 5 2 11/32 ≈ 0.34375000
2 43 11 2 −199/2048≈ −0.09716797
5 43 27 2 12790715/134217728≈ 0.09529825
7 43 38 2 −3059295837/274877906944≈ −0.01112965
1 47 5 2 15/32 ≈ 0.46875000
1 47 6 2 −17/64 ≈ −0.26562500
2 47 11 2 161/2048 ≈ 0.07861328
1 53 5 2 21/32 ≈ 0.65625000
1 53 6 2 −11/64 ≈ −0.17187500
3 53 17 2 17805/131072≈ 0.13584137
4 53 23 2 −498127/8388608≈ −0.05938137
1 59 5 2 27/32 ≈ 0.84375000
1 59 6 2 −5/64 ≈ −0.07812500
1 61 5 2 29/32 ≈ 0.90625000
1 61 6 2 −3/64 ≈ −0.04687500
1 67 6 2 3/64 ≈ 0.04687500
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(0.333) log 13 = 2 log 2 + log 3 +
∞∑
k=1
(−1)k+1
k12k
.
(0.334) 3 log 17 = 3 log 2 + 4 log 5−
∞∑
k=1
1
k
(
87
5000
)k
.
(0.335) log 19 = 2 log 2 + log 5−
∞∑
k=1
1
k20k
.
[139]
(0.336) log 11 =
∑
k≥1
1
k
(
3
2k
+
1
22k
+
1
25k
− 1
210k
) =
1
2
∑
k≥1
1
k
(
13
3k
− 4
32k
− 1
35k
).
[139]
(0.337) log 13 =
∑
k≥1
1
k
(
3
2k
+
1
22k
+
1
23k
+
1
24k
− 1
212k
) =
∑
k≥1
1
k
(
7
3k
− 2
32k
− 1
33k
).
[139]
(0.338) log 17 =
∑
k≥1
1
k
(
4
2k
+
1
24k
− 1
28k
).
[139]
(0.339) log 19 =
∑
k≥1
1
k
(
3
2k
+
3
22k
+
1
29k
− 1
218k
).
Similar formulas as the four above are obtained by inserting
(0.340)
log[(2s − 1)τ ] = sτ log 2−
∑
k≥1
τ
k2ks
= −sτ log 1
2
−
∑
k≥1
τ
k2ks
=
∑
k≥1
τ
k
(
s
2k
− 1
2ks
)
,
—immediate consequence of putting x = 1/2 in (1.67)—into the right hand sides
of [55]:
(0.341) log 41 = log(220 − 1)− log(210 − 1) + log[(22 − 1)2]− log[(24 − 1)2].
(0.342) log 43 = log(214 − 1)− log(22 − 1)− log(27 − 1).
(0.343) log 73 = log(29 − 1)− log(23 − 1).
(0.344) log 151 = log(215 − 1)− log(23 − 1)− log(25 − 1).
(0.345) log 241 = log(224 − 1)− log(212 − 1)− log(28 − 1) + log(24 − 1).
(0.346) log 257 = log(216 − 1)− log(28 − 1).
(0.347) log 331 = log(230−1)− log(215−1)− log(210−1)+log(25−1)− log(22−1).
(0.348) log 337 = log(221 − 1)− log(27 − 1)− log[(26 − 1)2] + log[(22 − 1)4].
(0.349) log 683 = log(222 − 1)− log(211 − 1)− log(22 − 1).
(0.350) log 2731 = log(226 − 1)− log(213 − 1)− log(22 − 1).
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(0.351) log 5419 = log(242−1)−log(221−1)−log(214−1)+log(27−1)−log(22−1).
(0.352) log 43691 = log(234 − 1)− log(217 − 1)− log(22 − 1).
(0.353) log 61681 = log(240 − 1)− log(220 − 1)− log(28 − 1) + log(24 − 1).
(0.354) log 174763 = log(238 − 1)− log(218 − 1)− log(22 − 1).
(0.355) log 262657 = log(227 − 1)− log(29 − 1).
(0.356) log 599479 = log(233 − 1)− log(211 − 1)− log(23 − 1).
(0.357)
∑
k≥0
log(2k + 1)
(2k + 1)l
= − log 2
2l
ζ(l)− (1− 2−l)ζ′(l).
(0.358)
∑
k≥0
log(ak + b)
(ak + b)l
=
log a
al
ζ(l, b/a)− 1
al
ζ′(l, b/a).
[42]
(0.359)
∞∑
k=1
kk!
(2k)!
=
1
8
(
2 + 3e1/4
√
π erf(1/2)
)
.
(0.360)
∞∑
k=1
(−1)kαkxk
kk!
= −γ − Γ(0, αx)− lnα− lnx.
[8]
3
2
∞∑
k=0
1
16k
( 1
(8k + 1)2
− 1
(8k + 2)2
+
1
2(8k + 3)2
− 1
4(8k + 5)2
+
1
4(8k + 6)2
− 1
8(8k + 7)2
)
−1
4
∞∑
k=0
1
4096k
( 1
(8k + 1)2
+
1
2(8k + 2)2
+
1
8(8k + 3)2
− 1
64(8k+ 5)2
− 1
128(8k + 6)2
− 1
512(8k+ 7)2
)
= G,
which is Catalan’s constant [212, A006752].
[53]
(0.361)
∑
k≥0
1
16k
(
4
8k + 1
− 2
8k + 4
− 1
8k + 5
− 1
8k + 6
)
= π.
[110]
(0.362)
1
16807
∞∑
n=0
1
2n
(
7n
2n
) ( 59296
7n+ 1
− 10326
7n+ 2
− 3200
7n+ 3
− 1352
7n+ 4
− 792
7n+ 5
+
552
7n+ 6
)
= π.
[8]
(0.363)
1
2
∞∑
k=0
4kk!2
(2k)!(2k + 1)2
= G.
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[8]
(0.364) − π
32
∞∑
k=0
(2k + 1)!2
16kk!4(k + 1)3
= G− π
2
log 2.
[8]
(0.365)
√
2
∞∑
k=0
(2k)!
8kk!2(2k + 1)2
= G+
π
4
log 2.
[8, 50]
(0.366)
3
8
∞∑
k=0
k!2
(2k)!(2k + 1)2
= G+
π
8
log(2 +
√
3).
[50]
(0.367)
5
8
∞∑
k=0
L(2k + 1)
(2k + 1)2
(
2k
k
) = G− π
8
log(
10 +
√
50− 22√5
10−
√
50− 22√5).
where L are the Lucas numbers.
[180]
(0.368)
∞∑
n=1
1
n2
[Γ(n)]2
Γ(2n)
= −8
3
ζ(3) +
4π
3
Cl2(π/3).
[180]
(0.369)
∞∑
n=1
(−)n
n2
[Γ(n)]2
Γ(2n)
= −4
5
ζ(3).
[180]
(0.370)
∞∑
n=1
Γ(n+ k)
Γ(1 + n+ 2k)
=
Γ(k)
Γ(1 + 2k)
.
[180]
(0.371)
∞∑
n=1
∞∑
k=1
k
n(1 + k)2(n+ k)
= ζ(3).
[180]
(0.372)
∞∑
n=1
∞∑
k=1
1
k(n+ k)(n+ 2k)
=
3
4
ζ(3).
[180]
(0.373)
∞∑
n=0
∞∑
k=1
1
k(n+ k)(n+ 2k)
=
5
4
ζ(3).
[180]
(0.374)
∞∑
n=1
∞∑
k=1
1
k!
Γ(2k)Γ(n+ k)
Γ(1 + n+ 2k)
=
1
2
ζ(2).
38 RICHARD J. MATHAR
[180]
(0.375)
∞∑
n=1
∞∑
k=1
1
k!k
Γ(2k)Γ(n+ k)
Γ(1 + n+ 2k)
=
1
2
ζ(3).
[180]
(0.376)
∞∑
n=1
∞∑
k=1
1
k!
Γ(2k)Γ(n+ k)
Γ(1 + n+ 2k)
[γ + ψ(1 + 2k)] =
11
8
ζ(3)
and similar series.
[180]
(0.377)
∞∑
n=1
(−)n
n
[γ + ψ(1 + kn)] = −1
4
(k + 1/k)ζ(2) +
1
2
k∑
j=1
{
Cl1(
2πj
k
+
π
k
)
}2
.
[180]
(0.378)
∞∑
n=1
(−)n
n
[γ + ψ(kn)] =
1
4
(
1
k
− k)ζ(2) + 1
2
k∑
j=1
{
Cl1(
2πj
k
+
π
k
)
}2
,
plus special cases using Cl1(θ) = − log |2 sin θ2 |.
[64]
(0.379)
∞∑
n=1
1
n2
q−1∑
r=0
[γ + ψ(n+ r/q)] = q
∞∑
n=1
1
n2
[γ + ψ(qn)]− q ln qζ(2).
[64]
(0.380)
∞∑
n=1
(−)n
n2
q−1∑
r=0
[γ + ψ(n+ r/q)] = q
∞∑
n=1
(−)n
n2
[γ + ψ(qn)] +
q
2
ln qζ(2).
[64]
(0.381)
∞∑
n=1
1
n2
[γ + ψ(n+ 1/2)] =
7
2
ζ(3)− 2 ln 2ζ(2).
[64]
(0.382)
∞∑
n=1
1
n2
[γ + ψ(2n+ 1/2)] = 14ζ(3)− 4πG− 2 ln 2ζ(2).
[64]
(0.383)
∞∑
n=1
(−)n
n2
[γ + ψ(2n+ 1/2)] = 14ζ(3) + ζ)2 ln 2 + 2πG− 8πCl2(π/4).
[64]
(0.384)
∞∑
n=1
1
n2
[γ+ψ(kn+1/2)] =
7
2
k2ζ(3)+2π
2k−1∑
j=1
jCl2(πj/k)−π
k=1∑
j=1
j Cl2(2πj/k)−2ζ(2) ln 2.
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[64]
(0.385)
∞∑
n=1
(−)n
n2
[γ+ψ(kn+1/2)] =
7
2
k2ζ(3)+2π
2k−1∑
j=1
j Cl2(
πj
k
+
π
2k
)−π
k=1∑
j=1
j Cl2(
2πj
k
+
π
k
)+ζ(2) ln 2.
[64]
(0.386)
∞∑
n=1
1
n
ψ′(n+ 1) = ζ(3).
[64]
(0.387)
∞∑
n=1
(−)n
n
ψ′(n+ 1) = ζ(3)− π
2
4
ln 2.
[64]
(0.388)
∞∑
n=1
(−)nψ(j)(n) = (−)j [ 1
2j+1
− 1]j!ζ(j + 1),
for integer j.
[188]
(0.389)
√
e =
16
31
[
1 +
∞∑
n=1
1 + n3/2 + n/2
2nn!
]
,
which is a special case of 12P3(1/2) +
1
2P1(1/2) + P0(1/2) of [122]
(0.390)
∞∑
n=0
nj
tn
n!
= Pj(t) exp(t)
where
(0.391) P0(t) ≡ 1; Pj(t) ≡ t
[
P ′j−1(t) + Pj−1(t)
]
, j > 0.
[6]
(0.392)
∑
k≥1
[
k
p
]
1
k!k
= ζ(p+ 1).
[6]
(0.393)
∑
k≥2
[
k
2
]
1
k!kq
=
q + 1
2
ζ(q + 2)− 1
q
q−1∑
k=1
kζ(k + 1)ζ(q + 1− k).
[6]
(0.394)
∑
k≥1
[
k
p
]
zk
k!k
= ζ(p+ 1) +
p∑
k=1
(
(−)k−1
k!
Lip+1−k(1− z) logk(1 − z).
[6]
(0.395)∑
k≥p
[
k
p
]
1
k!kq
=
∑
k≥q
[
k
q
]
1
k!kp
=
(−)q−1
(q − 1)!p! limβ→0 limα→0
dq+p−1
dαqdβq−1
Γ(1− α)Γ(1 + β)
Γ(β)Γ(1 − α+ β) ,
which can always be represented in finite terms of zeta functions.
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0.3. Formulae from Differential Calculus. [136]
(0.396)
(
d
dx
)m
eg(x) = eg(x)Ym
(
g′(x), g′′(x), . . . , g(m)(x)
)
where Ym is the mth exponential complete Bell polynomial,
(0.397) Yn(x1, . . . , xn) =
∑
pi(n)
n!
k1! · · · kn!
(x1
1!
)k1 · · ·(xn
n!
)kn
.
(0.398)
d
dx
[
f(x)g(x)
]
= f(x)g(x)
[
(log f)g′ + g
f ′
f
]
[77]
(0.399)
∑
n≥0
g(n)(0)
n!
f(n)xn =
∑
n≥0
f (n)(0)
n!
n∑
k=0
{
n
k
}
xkg(k)(x).
where the braces are Stirling numbers of the second kind.
[204]
(0.400)
dn
dtn
(f(et)) =
n∑
k=1
{
n
k
}
f (k)(et)ekt.
[204]
(0.401)
dn
dtn
(f(log t)) =
1
tn
n∑
k=1
(−1)n−k
[
n
k
]
f (k)(log t).
1. Elementary Functions
1.1. Powers of Binomials. [38]
(1.1)
(
1 +
√
1 + 4x
2
)n
= (1 + x)n/2
∑
k≥0
(−)k+1Γ(3k−22 )
Γ(3k−n2 − k + 1)k!
(
x
(1 + x)3/2
)k
.
(1.2) 1 +
∑
n≥1
(
α+ n− 1
α− 1
)
xn = 1F0(α | x) = 1
(1− x)α .
[144]
(1.3)
∞∑
n=0
(
2n
n
)
xn =
1√
1− 4x.
[144][212, A000108]
(1.4)
∞∑
n=0
(
2n
n
)
xn
n+ 1
=
1−√1− 4x
2x
.
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(1.5)∑
n≥0
(
3n
n
)
zn =
∑
n≥0
Γ(3n+ 1)
Γ(2n+ 1)
zn
n!
=
∑
n≥0
Γ(n+ 1/3)Γ(n+ 2/3)Γ(n+ 1)
Γ(n+ 1/2)Γ(n+ 1)
zn
n!
(2π)1/222n+1/233n+1/2
2π
=
Γ(1/3)Γ(2/3)
Γ(1/2)
∑
n≥0
Γ(n+ 1/3)Γ(n+ 2/3)Γ(1/2)
Γ(n+ 1/2)Γ(1/3)Γ(2/3)
zn
n!
(2π)1/222n+1/233n+1/2
2π
=
√
6/(2π)
Γ(1/3)Γ(2/3)
Γ(1/2)
∑
n≥0
Γ(n+ 1/3)Γ(n+ 2/3)Γ(1/2)
Γ(n+ 1/2)Γ(1/3)Γ(2/3)
(2233z)n
n!
=
√
6/(2π)
Γ(1/3)Γ(2/3)
Γ(1/2)
∑
n≥0
(1/3)n(2/3)n
(1/2)n
(2233z)n
n!
=
√
6/(2π)
2π√
3π
2F1(1/3, 2/3; 1/2; 2
233z)
This is eventually reduced by [2, 15.1.18]
2F1(a, 1− a; 1/2; sin2 z) = cos[(2a− 1)z]
cos z
[144]
(1.6)
∞∑
n=1
1
n
(
2n
n
)
xn = 2 log
1−√1− 4x
2x
.
[144]
(1.7) x
∞∑
n=1
1
n(n+ 1)
(
2n
n
)
xn = 2x log
1−√1− 4x
x
+
√
1− 4x
2
− x(log 4− 1)− 1
2
,
which corrects a sign error in [144], see [153].
[49]
(1.8)
∞∑
n=0
1
n+ 1
(
2n
n
)
Hnx
n+1 =
√
1− 4x log(2√1− 4x)−(1+√1− 4x) log(1+√1− 4x)+log 2,
(1.9)
∞∑
n=0
(
2n
n
)
Hnx
n =
2√
1− 4x log(
1 +
√
1− 4x
2
√
1− 4x ),
(1.10)
∞∑
n=0
(
2n
n
)
Hn(−1)n−1xn = 2√
1 + 4x
log(
2
√
1 + 4x
1 +
√
1 + 4x
),
where Hn =
∑n
k=1 1/k.
[49]
(1.11)
∞∑
n=0
(
2n
n
)
Pq(n)x
n+1 =
1√
1− 4x
q∑
k=0
(
2k
k
)
k!
(
x
1− 4x
)k q∑
m=k
amS(m, k)
where Pq(z) = aqz
q + aq−1zq−1 + . . . + q0 is a polynomial and S are the Stirling
Numbers of the Second Kind.
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[212, A005430]
(1.12)
∞∑
n=1
n
(
2n
n
)
xn = 2x(1 − 4x)−3/2.
[144][212, A002736]
(1.13)
∞∑
n=1
n2
(
2n
n
)
xn =
2x(2x+ 1)
(1 − 4x)5/2 .
[144]
(1.14)
∞∑
n=0
1
2n+ 1
(
2n
n
)
xn =
1
2x
arcsin(2x).
[49]
(1.15)
∞∑
n=0
1
n+m+ 1
(
2n
n
)
xn =
1
22m+1xm+1
m∑
k=0
(
m
k
)
(−)k
2k + 1
[1− (1− 4x)k+1/2].
[49]
(1.16)
∞∑
n=0
1
n2
(
2n
n
)
xn = 2Li2
(
1−√1− 4x
2
)
− log2(1 +√1− 4x)− 2 log 2 log 1−
√
1− 4x
x
+ 3 log2 2.
[144]
(1.17)
∞∑
m=1
(−1)m−1(
2m
m
) (2x/y)2m = xy2
h3
[
log
x+ h
y
+
xh
y2
]
where h ≡
√
x2 + y2.
[144]
(1.18)
∞∑
m=1
(2x)2m
m
(
2m
m
) = 2x arcsinx√
1− x2 .
[144]
(1.19)
∞∑
m=1
(2x)2m
m2
(
2m
m
) = 2(arcsinx)2.
[144]
(1.20)
∞∑
m=1
(2x)2m(
2m
m
) = x2
1− x2 +
x arcsinx
(1− x2)3/2 .
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[36]
(1.21)∑
k≥1
(256x/27)k
k2
(
4k
k
) = −3
2
log2 |ϕ− 1
ϕ+ 1
|+3
4
[
arctan(−
√
ϕ
ϕ+ 2
) + arctan(
ϕ+ 3
ϕ− 1
√
ϕ
ϕ+ 2
)
]2
+
3
4
[
arctan(
√
ϕ
ϕ− 2) + arctan(
3− ϕ
ϕ+ 1
√
ϕ
ϕ− 2)
]2
where ϕ(x) =
√
1 + 32 (x
2 +
√
x4 − x3)−1/3 + 32x (x2 +
√
x4 − x3)1/3, and two simi-
lar expressions if the power of k in the denominator is not 2 but 1 or 0.
(1.22)
1
(σ2 + σ2L)
γ/2
=
1
σγL
exp
(
−γ
2
σ2
σ2L
)(
1+
γ
4
(
σ
σL
)4
− γ
6
(
σ
σL
)6
+
γ(γ + 4)
32
(
σ
σL
)8
−γ(5γ + 12)
120
(
σ
σL
)10
+
γ(3γ2 + 52γ + 96)
1152
(
σ
σL
)12
−γ(35γ
2 + 308γ + 480)
6720
(
σ
σL
)14
+· · ·
)
[197, 3.41(a)]
(1.23)
1
a2 − x2 =
2
a
√
a2 − 1
∞∑
j=0
′
(a−
√
a2 − 1)2jT2j(x)
where the prime at the sum symbols means taking only half of the value at index
zero.
[39]
(1.24) (1 + x+ x−1)n =
n∑
j=−n
(
n
j
)
2
xj ,
(
n
m
)
2
≡
∑
j≥0
n!
j!(m+ j)!(n− 2j −m)! .
[184]
(1.25)
∞∑
s=0
ζ(4s+ 3)x4s =
∞∑
k=1
k
k4 − x4 =
5
2
∞∑
k=1
(−)k−1(
2k
k
) k
k4 − x4
k−1∏
m=1
m4 + 4x4
m4 − x4 .
[35] Let B0(x) be a period function of period 1. Assume B0(x) has a continuous
derivative in the open interval (0,1). Let a0 ≡
∫ 1
0 B0(x)dx and define
(1.26) Bn(x) =
∫ 2
0
Bn−1(y)dy +
∫ 1
0
(y − 1)Bn−1(y)dy.
Then
(1.27)
∞∑
k=0
Bk(x)t
k =
text
et − 1
[
a0 −
∫ 1
0
B′0(1 − y)
ety − 1
t
dy
]
+
∫ x
0
et(x−y)B′0(y)dy,
and
(1.28) Bn(x) = ℜ

2 ∞∑
j=1
e2piijx
(2πij)n
(aj − a0 − ibj)


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where aj and bj are the Fourier coefficients of B0(x). For example B0(x) = cos(πx)
yields B2(x) = (1− 2x− cos(πx))/π2 and
(1.29)
π3
2
B2(x) = −
∞∑
j=1
sin(2πjx)
j(4j2 − 1) .
Consider also a periodic sequence λj+T = λj , the Dirichlet series
(1.30) f(s) =
∞∑
j=1
aj − a0
js
λj , g(s) =
∞∑
j=1
bj
js
λj ,
and the Fourier coefficients
(1.31) αj ≡
T∑
k=1
λk cos(2πjk/T ), βj ≡
T∑
k=1
λk sin(2πjk/T ).
If λT−j = λj for 1 ≤ j < T , then
(1.32) f(2n) =
(−)n
2T
(2π)2n
T∑
j=1
αjB2n(j/T ),
(1.33) g(2n+ 1) =
(−)n+1
2T
(2π)2n+1
T∑
j=1
αjB2n+1(j/T ),
and similar expressions for other even-odd symmetries of the λ.
[35]
(1.34) 8 log 2− 4 = ζ(3) +
∞∑
j=1
1
j2(4j2 − 1) =
∞∑
k=0
ζ(3 + 2k)
4k
.
[35]
(1.35)
∞∑
j=1
cos(2πj/3)
j2k(4π2j2 + 1)
=
(−)k
4
(2π)2kα2k,
with g.f.
(1.36)
∞∑
k=0
αkt
k =
e + e4/3 − e1+t − et+4/3 + t3[e(2t+5)/3 − e(2+2t)/3 − e(2+t)/3 + e(5+t)/3]
(e− 1)e2/3(et − 1)(t2 − 1) −
2tet/3
et − 2 .
1.2. The Exponential Function. [100], [212, A001469]
(1.37)
2t
et + 1
=
∞∑
N=0
GN
N !
tN ;
with (G+1)N +GN = 1 for N > 1, G1 = 1, G2 = −1, G4 = 1, G6 = −3, G8 = 17,
G10 = −155, G12 = 2073, Genocchi numbers.
[39]
(1.38) exp(xt+ yt2) =
∞∑
n=0
tn
n!
Hn(x, y), Hn(x, y) ≡ n!
[n/2]∑
k=0
xn−2kyk
k!(n− 2k)! .
YET ANOTHER TABLE OF INTEGRALS 45
1.3. Fourier Series. [75, B2a]
(1.39) cos(mθ) =
⌊m/2⌋∑
k=0
(−1)k
(
m
2k
)
cosm−2k θ sin2k θ.
(1.40) sin2k α+ cos2k α = 1−
k−1∑
l=1
(
k
l
)
sin2l α cos2k−2l α.
[74]
(1.41) Sν(α) ≡
∞∑
k=0
sin(2k + 1)α
(2k + 1)ν
;
(1.42) Cν(α) ≡
∞∑
k=0
cos(2k + 1)α
(2k + 1)ν
;
(1.43) S2n+1(α) =
(−1)n
4(2n)!
π2n+1E2n
(α
π
)
;
(1.44) C2n(α) =
(−1)n
4(2n− 1)!π
2nE2n−1
(α
π
)
;
(1.45) Sν(2πp/q) =
1
qν
q−1∑
s=1
ζ(ν, s/q)
[
sin(s2πp/q)− sin(s4πp/q)
2ν
]
;
(1.46)
Cν(2πp/q) =
1
qν
{
ζ(ν)
(
1− 1
2ν
)
+
q−1∑
s=1
ζ(ν, s/q)
[
cos(s2πp/q)− cos(s4πp/q)
2ν
]}
.
[111, 1.448.1]
(1.47)
∞∑
k=1
pk sin(kx)
k
= arctan
p sinx
1− p cosx , 0 < x < 2π, p
2 ≤ 1,
with special case
(1.48)
∞∑
k=1
sin(kx)
2kk
= arctan
sinx
2− cosx , 0 < x < 2π.
[111, 1.448.2]
(1.49)
∞∑
k=1
pk cos(kx)
k
= ln
1√
1− 2p cosx+ p2 , 0 < x < 2π,
with special case
(1.50)
∞∑
k=1
cos(kx)
2kk
= − ln
√
1− cosx+ 1/4, 0 < x < 2π.
[119, (1.10)]
(1.51) −
√
2− 2 cos θ = − 4
π
+
2
π
∞∑
k=1
cos kθ
(k − 1/2)(k + 1/2)
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[221]
(1.52) Cl2n+1(π/2) = −2−2n−1(1− 2−2n)ζ(2n+ 1), n ∈ N.
[221]
(1.53) Cl2n+1(π/3) =
1
2
(1− 2−2n)(1 − 3−2n)ζ(2n+ 1), n ∈ N.
[221]
(1.54) Cl2n+1(2π/3) = −1
2
(1− 3−2n)ζ(2n+ 1), n ∈ N.
[221]
(1.55)
∑
k≥1
cos(kπ/2)
ks
= −2−s(1− 21−s)ζ(s),ℜs > 1.
[144]
(1.56)
∞∑
m=1
mk−2(2x)2m(
2m
m
) = x
2k−2(1− x2)k−1/2
[
arcsinxVx(x
2) + x
√
1− x2Wk(x2)
]
, k ≥ 0,
[144]
(1.57)
∞∑
m=1
mk−24m(sin θ)2m(
2m
m
) = sin 2θ
(2 cos2 θ)k
[
2θVk(sin
2 θ) + sin 2θWk(sin
2 θ)
]
,
[144]
(1.58)
∞∑
m=1
(−1)m−1mk−24m(sinh z)2m(
2m
m
)
=
sinh 2z
(2 cosh2 z)k
[
2 log{sinh z + cosh z}Vk(− sinh2 z) + sinh 2zWk(− sinh2 z)
]
,
where V1(t) = 1, (see [212, A156919]) W1(t) = 0,
Vk+1(t) = {(2k − 2)t+ 1}Vk(t) + 2(1− t)δVk(t)
Wk+1(t) = {(2k − 4)t+ 2}Wk(t) + 2(1− t)δWk(t) + Vk(t)
and δ is the operator x ddx .
1.4. Expansions of Hyperbolic Functions. [38]
(1.59) cosx coshx =
∑
k≥0
(−)k(2x2)2k
(4k)!
.
[38]
(1.60) sinx sinhx =
∑
k≥0
(−)k(2x2)2k+1
(4k + 2)!
.
[38]
(1.61) coth(2x) tanhx = 1−
∑
k≥1
22k−1(22k − 1)(2k − 1)B2kx2k−2
(2k)!
.
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[41]
(1.62)
∞∑
j=0
x
sinh 2−jx
− 2j = 1− x
tanhx
.
[41]
(1.63)
∞∑
j=0
2j − coth 2−j
2j sinh 2−j
=
1 + 4e2 − e4
1− 2e2 + e4 .
[102]
(1.64)
∞∑
m,n=−∞
F (|2m+ 2n+ 1|)
cosh(2m+ 1)u cosh 2nu
= 2
∞∑
n=0
(2n+ 1)F (2n+ 1)
sinh(2n+ 1)u
,
for any summable function F (x).
[102]
(1.65)
∞∑
m,n=−∞
F (m+ n+ 1) + F (m− n)
sinh(2m+ 1)u cosh (2n+ 1)u
= 8
∞∑
n=1
nF (n)
cosh(2nu)
,
and
(1.66)
∞∑
k,m,n=−∞
F (k +m+ n+ 1) + F (k −m+ n)
cosh(2ku) cosh(2m+ 1)u sinh(2n+ 1)u
= 8
∞∑
n=1
n2F (n)
sinh(2nu)
,
where F is any sine transform (and hence odd).
1.5. The Logarithmic Function.
(1.67) ln(1− x) = −
∞∑
k=1
xk
k
.
(1.68)
(1+x) ln(1+x) = x+
1
1 · 2x
2− 1
2 · 3x
3+
1
3 · 4x
4− 1
4 · 5x
5+· · · = x+
∞∑
k=1
(−1)k+1 x
k+1
k(k + 1)
.
By integration of this w.r.t. x [111, 2.729], [161]
(1.69)
1
2
(1 + x)2 ln(1 + x) =
x
2
+
3x2
4
+
∞∑
k=1
(−1)k+1 x
k+2
k(k + 1)(k + 2)
.
(1.70)
1
6
(1+x)3 ln(1+x) =
x
6
+
5x2
12
+
11x3
36
+
∞∑
k=1
(−1)k+1 x
k+3
k(k + 1)(k + 2)(k + 3)
.
(1.71)
1
24
(1+x)4 ln(1+x) =
x
24
+
7x2
48
+
13x3
72
+
25x4
288
+
∞∑
k=1
(−1)k+1 x
k+4
k(k + 1)(k + 2)(k + 3)(k + 4)
.
(1.72) x+ (1− x)l ln(1− x) =
l∑
i=2
τi,lx
i − (−1)ll!
∞∑
k=1
xk+l
k(k + 1)(k + 2) · · · (k + l) ,
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where
(1.73) τ2,l = l − 1/2, l ≥ 2; iτi,l = (−1)i
(
l − 1
i− 1
)
− lτi−1,l−1, i ≥ 3.
[140]
(1.74) logn = −
∑
s≥1
α(s, n)
s
with
(1.75) α(s, n) ≡
{
n− 1, n | s;
−1 n ∤ s.
Superposition of [111, 1.513.1] and [111, 1.511], see [212, A165998]:
(1.76)
1
3x
ln
1 + x
(1− x)2 = 1 +
x
6
+
x2
3
+
x3
12
+ · · ·+ x
2j
2j + 1
+
x2j+1
3(2j + 1)
+ · · ·
[14]
(1.77)
∞∑
j=k
|S(k)j |bj
j!
=
lnk(1 + b)
k!
.
[123]
(1.78)
∞∑
k=0
xk(
k+L
L
) = 2F1(1, 1;L+1;x) = L L−2∑
j=0
(x− 1)j
(L − j − 1)xj+1−L(x−1)
L−1 ln(1 − x)
xL
; L ≥ 1.
[52]
(1.79)
1
2x
{
1− ln(1 + x)− 1− x√
x
arctan
√
x
}
=
∞∑
k=1
(−1)k+1xk−1
(2k − 1)2k(2k + 1);
0 < x ≤ 1.
[164]
(1.80) − ln(1 − t)
(1 − t)r =
∞∑
n=0
H(r)n t
n,
where the Hyperharmonic numbers are defined by Hn =
∑n
k=1(1/k) and H
(r)
n =∑n
k=1H
(r−1)
k =
(
n+r−1
r−1
)
(Hn+r−1 −Hr−1).
1.6. The Inverse Trigonometric and Hyperbolic Function. [41]
(1.81)
∞∑
k=1
2−k tan
x
2k
=
1
2n
cot
x
2n
− cotx.
[41]
(1.82)
∞∑
k=1
csc
x
2k−1
= cot
x
2n
− cotx.
[41]
(1.83)
∞∑
k=1
arctan
2x2
k2
=
π
4
− arctan tanhπx
tanπx
.
YET ANOTHER TABLE OF INTEGRALS 49
[41]
(1.84)
∞∑
k=1
(−)k−1 arctan 2x
2
k2
= −π
4
− arctan sinhπx
sinπx
.
2. Indefinite Integrals of Elementary Functions
2.1. Rational Functions. Aids to partial fraction decompositions: [245]
(2.1)
1
sn(s2 + as+ b)
=
−αn−1s+ αn
bn(s2 + as+ b)
+
n−1∑
k=0
αk
bk+1sn−k
;
where b > 0, a2 − 4b < 0, α0 ≡ 1,
(2.2) αm ≡ (−1)m
√
bmUm
(
a
2
√
b
)
=
⌊m/2⌋∑
k=0
(−1)k+m
(
m− k
k
)
am−2kbk.
[245]
(2.3)
αs+ β
(s2 + as+ b)(s2 + kas+ kb)
=
1
(k − 1)b2
(
L(s+ a) + βb
s2 + as+ b
− L(s+ ka) + βb
s2 + kas+ kb
)
,
k 6= 1, ab 6= 0, L ≡
∣∣∣∣ α βa c
∣∣∣∣.
[245]
(2.4)
1
(pq + ap+ b)(pq + cp+ b)
=
∣∣∣∣ a cb b
∣∣∣∣
−1(
q + a
pq + ap+ b
− q + c
pq + cp+ b
)
,
a 6= c, b 6= 0.
[245]
(2.5)
αp+ β
(pq + ap+ b)(pq + cp+ b)
=
∣∣∣∣ a cb b
∣∣∣∣
−1


∣∣∣∣ α βq + c b
∣∣∣∣
pq + cp+ b
−
∣∣∣∣ α βq + a b
∣∣∣∣
pq + ap+ b

 ,
a 6= c, b 6= 0.
[245]
(2.6)
as+ b
(s2 + αs+ β)(s2 + γs+ δ)
=
1
k


(
b− a δ−βγ−α
)
s+ bα− aβ − b δ−βγ−α
s2 + αs+ β
−
(
b− a δ−βγ−α
)
s+ bγ − aδ − b δ−βγ−α
s2 + γs+ δ

 ,
α 6= γ.
[158]
(2.7)
1
n2s(n+ 1)2s
=
2s∑
t=1
(
4s− t− 1
2s− 1
)[
(−1)t
nt
+
1
(n+ 1)t
]
.
[80, 170.]
(2.8)
∫
dx
a4 + x4
=
1
4a3
√
2
log
x2 + ax
√
2 + a2
x2 − ax√2 + a2 +
1
2a3
√
2
arctan
ax
√
2
a2 − x2 .
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[80, 171.]
(2.9)
∫
dx
a4 − x4 =
1
4a3
log
∣∣∣∣a+ xa− x
∣∣∣∣+ 12a3 arctan xa .
[80, 170.1]
(2.10)
∫
xdx
a4 + x4
=
1
2a2
arctan
x2
a2
.
[80, 170.2]
(2.11)
∫
x2dx
a4 + x4
= − 1
4a
√
2
log
x2 + ax
√
2 + a2
x2 − ax√2 + a2 +
1
2a
√
2
arctan
ax
√
2
a2 − x2 .
[80, 170.3]
(2.12)
∫
x3dx
a4 + x4
=
1
4
log(a4 + x4).
[80, 171.1]
(2.13)
∫
xdx
a4 − x4 =
1
4a2
log
∣∣∣∣a2 + x2a2 − x2
∣∣∣∣ .
[80, 171.2]
(2.14)
∫
x2dx
a4 − x4 =
1
4a
log
∣∣∣∣a+ xa− x
∣∣∣∣− 12a arctan xa .
[80, 171.3]
(2.15)
∫
x3dx
a4 − x4 = −
1
4
log |a4 − x4|.
[80, 173]
(2.16)
∫
dx
x(a+ bxm)
=
1
am
log | x
m
a+ bxm
|.
2.2. Algebraic Functions. [80, 186.11,188.11]
(2.17)
∫
dx
(a2 + b2x)x1/2
=
2
ab
arctan
bx1/2
a
.
(2.18)
∫
dx
(a2 − b2x)x1/2 =
1
2ab
log
∣∣∣∣a+ bx1/2a− bx1/2
∣∣∣∣ .
[80, 185.11,187.11]
(2.19)
∫
x1/2dx
a2 + b2x
=
2x1/2
b2
− 2a
b3
arctan
bx1/2
a
.
(2.20)
∫
x1/2dx
a2 − b2x = −
2x1/2
b2
+
a
b3
log
∣∣∣∣a+ bx1/2a− bx1/2
∣∣∣∣ .
[80, 185.13,187.13]
(2.21)
∫
x3/2dx
a2 + b2x
=
2
3
x3/2
b2
− 2a
2x1/2
b4
+
2a3
b5
arctan
bx1/2
a
.
YET ANOTHER TABLE OF INTEGRALS 51
(2.22)
∫
x3/2dx
a2 − b2x = −
2
3
x3/2
b2
− 2a
2x1/2
b4
+
a3
b5
log
∣∣∣∣a+ bx1/2a− bx1/2
∣∣∣∣ .
[80, 186.21,188.21]
(2.23)
∫
dx
(a2 + b2x)2x1/2
=
x1/2
a2(a2 + b2x)
+
1
a3b
arctan
bx1/2
a
.
(2.24)
∫
dx
(a2 − b2x)2x1/2 =
x1/2
a2(a2 − b2x) +
1
2a3b
log
∣∣∣∣a+ bx1/2a− bx1/2
∣∣∣∣ .
[80, 185.21,187.21]
(2.25)
∫
x1/2dx
(a2 + b2x)2
= − x
1/2
b2(a2 + b2x)
+
1
ab3
arctan
bx1/2
a
.
(2.26)
∫
x1/2dx
(a2 − b2x)2 =
x1/2
b2(a2 − b2x) −
1
2ab3
log
∣∣∣∣a+ bx1/2a− bx1/2
∣∣∣∣ .
[80, 185.23,187.23]
(2.27)
∫
x3/2dx
(a2 + b2x)2
=
2x3/2
b2(a2 + b2x)
+
3a2x1/2
b4(a2 + b2x)
− 3a
b5
arctan
bx1/2
a
.
(2.28)
∫
x3/2dx
(a2 − b2x)2 =
3a2x1/2 − 2b2x3/2
b4(a2 − b2x) −
3a
2b5
log
∣∣∣∣a+ bx1/2a− bx1/2
∣∣∣∣ .
[80, 186.13,188.13]
(2.29)
∫
dx
(a2 + b2x)x3/2
= − 2
a2x1/2
− 2b
a3
arctan
bx1/2
a
.
(2.30)
∫
dx
(a2 − b2x)x3/2 = −
2
a2x1/2
+
b
a3
log
∣∣∣∣a+ bx1/2a− bx1/2
∣∣∣∣ .
[80, 186.23,188.23]
(2.31)
∫
dx
(a2 + b2x)2x3/2
= − 2
a2(a2 + b2x)x1/2
− 3b
2x1/2
a4(a2 + b2x)
− 3b
a5
arctan
bx1/2
a
.
(2.32)∫
dx
(a2 − b2x)2x3/2 = −
2
a2(a2 − b2x)x1/2 +
3b2x1/2
a4(a2 − b2x) +
3b
2a5
log
∣∣∣∣a+ bx1/2a− bx1/2
∣∣∣∣ .
[80, 189.2,189.4]
(2.33)
∫
dx
(a4 + x2)x1/2
=
1
2a3
√
2
log
x+ a
√
2x+ a2
x− a√2x+ a2 +
1
a3
√
2
arctan
a
√
2x
a2 − x .
(2.34)
∫
dx
(a4 − x2)x1/2 =
1
2a3
log
∣∣∣∣a+ x1/2a− x1/2
∣∣∣∣+ 1a3 arctan x
1/2
a
.
[80, 188.23,189.3]
(2.35)
∫
x1/2dx
a4 + x2
= − 1
2a
√
2
log
x+ a
√
2x+ a2
x− a√2x+ a2 +
1
a
√
2
arctan
a
√
2x
a2 − x .
52 RICHARD J. MATHAR
(2.36)
∫
x1/2dx
a4 − x2 =
1
2a
log
∣∣∣∣a+ x1/2a− x1/2
∣∣∣∣− 1a arctan x
1/2
a
.
(2.37)
∫
xn√
a+ bx
dx =
2
√
a+ bx
bn+1
(−a)n
n∑
k=0
(
n
k
)
(−z/a)k
2k + 1
.
[111, 2.252]
(2.38)
∫
dt
(t2 + p)k
√
c(t2 + q)
=
1√
c
∫
dv
(1− v2)k−1
[p+ v2(q − p)]k
where
v =
t√
t2 + q
; t = v
√
q
1− v2 ;
dt
dv
=
√
q
(1− v2)3/2 .
The following corrects two sign errors in [111, 2.245.2] at the b:
(2.39)
∫
zmdx
tn
√
z
= −zm√z{ 1
(n− 1)∆
1
tn−1
+
n−1∑
k=2
(2n− 2m− 3)(2n− 2m− 5) · · · (2n− 2m− 2k + 1)(−b)k−1
2k−1(n− 1)(n− 2) · · · (n− k)∆k
1
tn−k
}
− (2n− 3m− 3)(2n− 3m− 5) · · · (−2m+ 3)(−2m+ 1)(−b)
n−1
2n−1(n− 1)!∆n
∫
zmdx
t
√
z
where z = a+ bx and t = α+ βx and ∆ ≡ aβ − αb.
[230]
(2.40)
∫
fm(z)√
Dm(z)
dz = log(xm(z) + ym(z)
√
Dm(z)),
if for example
(2.41) f = 4z+2; D = z4+8(z+1); x = z4−2z3+2z2+4z−4; y = z2−2z+2.
or
(2.42)
f = 5z + 1; D = (z2 + 1)2 + 4z; x = z5 − z4 + 3z3+ z2 + 2; y = z3 − z2 + 2z.
or
(2.43)
f = 6z+2; D = (z2+2)2+8z; x = z6−2z5+8z4−4z3+8z2+8z; y = z4−2z3+6z2−4z+4.
or
(2.44)
f = 3z−s; D = (z2−s2)2+t(z−s); x = 1+2(z+s)(z2−s2)/t; y = 2(z+s)/t.
2.3. The Exponential Function.
(2.45)
∫
xm+2e−ax
2
dx =
m+ 1
2a
[
−xm+1e−ax2 +
∫
xme−ax
2
dx
]
;
m 6= −1.
(2.46)
∫
e−x
(1 + αe−x)s
dx =
1
α(s− 1)(1 + αe−x)s−1 , s > 1.
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2.4. Hyperbolic Functions. [65]
(2.47)∫ y
0
x coshx
cosh 2x− cos 2tdx =
csc t
4
[−4Cl2(π+t)−Cl2(2ω1)+Cl2(2(ω1−t))+Cl2(2t)−Cl2(2ω3)+Cl2(2(ω3+t))]
where ω1 ≡ arctan ey sin t1+ey cos t , ω3 ≡ arctan e
y sin t
1−ey cos t .
2.5. Trigonometric Functions.∫
sinx
(a+ sinx)2
(a+ sinx)2 + (b + cosx)2
dx =
1
4
[
2b2
a2 + b2
+
a2 − b2
(a2 + b2)2
− 3
]
cos(x)
− ab
2
[
1
a2 + b2
− 1
(a2 + b2)2
]
sin(x)
+
1
8
b cos(2x)− a sin(2x)
a2 + b2
+
b
4
[
1 +
2(a2 − b2)
(a2 + b2)2
+
−3a2 + b2
(a2 + b2)3
]
ln
√
(cosx+ b)2 + (sinx+ a)2
+
a
4
[
1− 4b
2
(a2 + b2)2
− a
2 − 3b2
(a2 + b2)3
]
arctan
sinx+ a
cosx+ b
+
a
4
[
4b2
(a2 + b2)2
+
−3b2 + a2
(a2 + b2)3
]
x.
[60]
(2.48)
∫ z
0
πt cotπtdt = z log(2π) + log
G(1− z)
G(1 + z)
.
where G is the reciprocal of the double Gamma function.
[60]
(2.49)∫ z
0
πt tanπtdt = −1
2
log
cosπz
π
−z log(2π)−log Γ(1
2
−z)+log G(1/2 + z)
G(1/2− z) = log
G(1 − z)
G(1 + z)
−1
2
log
G(1 − 2z)
G(1 + 2z)
.
[60]
(2.50)∫ z
0
(πt tanπt)2dt = −π
2z3
3
+πz2 tanπz+log
cosπz
π
+2z log(2π)+2 log
G(3/2− z)
G(1/2 + z)
.
[60]
(2.51)
∫ z
0
(πt cotπt)2dt = −π
2z3
3
− πz2 cotπz + 2z log(2π) + 2 log G(1 − z)
G(1 + z)
.
2.6. Rational Functions of Trigonometric Functions. [65]
(2.52)
∫ b
0
a
sin a
da = Cl2(b)− Cl2(b+ π) + iπ
4
(2b− π) + b ln 1− e
ib
1 + eib
+ i
π2
4
.
[65]
(2.53)
∫ b
0
a2
sin2 a
da = Cl2(2b) + ib(π − 2b) + b[2 ln(1− e2ib)− b cot b].
[65]
(2.54)∫ b
0
a
tana
da = Cl2(b) + Cl2(b+ π)− iπ
2
4
+ b[ln(1− e2ib)− ib/2] + i
2
(πb− b2 + π
2
2
).
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[65]
(2.55)
∫ b
0
a2
tan2 a
da = Cl2(2b) + ib(π − 2b)− 1
3
b3 + b[2 ln(1− e2ib)− b cot b].
[65]
(2.56)∫ b
0
x
sinx+ a
dx =
1√
1− a2 [−2Cl2(π+φ)+ibφ+Cl2(π−b+φ)−Cl2(π−b−φ)+ib ln
1− e−ib/u+
1− e−ib/u− ],
where φ = arctan(a/
√
1− a2), u± = ia±
√
1− a2.
[65]
(2.57)∫ b
0
x
tanx+ a
dx =
1
8v+
2
1 + a2
[Cl2(φa)−Cl2(φa−2b)+2b ln(1−ei(φa−2b))] 2ib
1 + ia
[b+
b− φa + π
1− ia ],
where φa = − arctan(2a/
√
1− a2), v+ =
√
1+ia
1−ia .
[60]
(2.58)∫ z
0
(
πt
cosπt
)2dt = πz2 tanπz+log
cosπz
π
+2z log(2π)+2 log Γ(
1
2
−z)−2 log G(
1
2 + z)
G(12 − z)
.
where G is the reciprocal of the double Gamma Function.
[60]
(2.59)
∫ z
0
(
πt
sinπt
)2dt = −πz2 cotπz + 2z log(2π) + 2 log G(1 − z)
G(1 + z)
.
[60]
(2.60)∫ z
0
(
πt
sinπt
)2 cosπtdt = − πz
2
sinπz
−2 log cos(πz/2)
π
+4 log
G(1− z/2)
G(1 + z/2)
+4 log
G(1/2 + z/2)
G(3/2− z/2)
[60]
(2.61)∫ z
0
t sin at
cos bt− cos atdt =
2az
a2 − b2 log(2π)+
2π
(a+ b)2
log
G(1 − (a+ b/2π)z)
G(1 + (a+ b/2π)z)
+
2π
(a− b)2 log
G(1 − (a− b/2π)z)
G(1 + (a− b/2π)z) .
[60]
(2.62)
∫ z
0
a
1 + a2 + 2a cos t
dt =
2a
1− a2 arctan(
1− a
1 + a
tan
z
2
).
[60]
(2.63)
∫ z
0
cos t
1 + a2 + 2a cos t
dt =
z
2a
− 1 + a
2
a(1− a2) arctan(
1− a
1 + a
tan
z
2
).
2.7. The Logarithm. [163]
(2.64)
∫
log z
(1− z)z dz = Li2(1 − z) +
1
2
log2 z.
[21, 3.1.6.]
(2.65)
∫
lnx
1 + ax
dx =
1
a
[lnx ln(1 + ax) + Li2(−ax)].
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Correcting a sign error in [21, 3.1.7]:
(2.66)
∫
ln(a+ bx)
c+ hx
dx =
1
h
[ln
(
ah− bc
h
)
ln(c+ hx)− Li2(bc+ bhx
bc− ah )].
[60]
(2.67)∫ z
0
log t
1 + a2t2
dt =
log z
a
arctanaz+
π
2a
log
cos(arctanaz)
π
+
π
a
log
G(1 + 1pi arctanaz)G(3/2− 1pi arctanaz)
G(1− 1pi arctanaz)G(1/2 + 1pi arctanaz)
,
where G is the reciprocal of the double Gamma function.
[60]
(2.68)
∫ z
0
logt√
1− a2t2 dt =
1
a
arcsinaz log
z
2π
+
π
a
log
G(1 + 1pi arcsinaz)
G(1− 1pi arcsinaz)
.
(2.69)∫
z ln(c+z+1/z)dz =
z2 − c2/2 + 1
2
ln(z2+cz+1)−c
√
c2/4− 1
2
ln
z + c/2 +
√
c2/4− 1
z + c/2−
√
c2/4− 1
− (z − c)
2
4
− 1
2
z2 ln z.
[65]
(2.70)
κ
∫ u
0
ln(sinκx+sinα)dx = Cl2(α)−Cl2(κu+α)+Cl2(α−κu+π)−Cl2(α+π)−κu ln 2.
for κ > 0, |u| ≤ |α|.
[65]
(2.71)
∫ x
0
ln | cosA− cos kt|dt = − 1
k
[Cl2(kx−A) + Cl2(kx+A) + kx ln 2].
[65]
(2.72)
∫ u
0
ln(sin2 x− sin2 α)dx = 1
2
[Cl2(2α− 2u)− Cl2(2α+ 2u)]− 2u ln 2.
[65]
(2.73)
∫ ∞
b
ln
u+ a
u− a
du
1 + u2
= Cl2(π − θ)− 1
2
[Cl2(2ω) + Cl2(2χ)],
where θ = arccos 1−a
2
1+a2 , r = (b+a)/(b−a), tanω = r sin θ/(1−r cos θ), χ = π−θ−ω.
[60]
(2.74)
∫ z
0
log sinπtdt = z log
sinπz
2π
+ log
G(1 + z)
G(1− z) .
where G is the reciprocal of the double Gamma Function.
[60]
(2.75)
∫ z
0
log sinatdt = z log
sin az
2π
+
π
a
log
G(1 + az/π)
G(1− az/π) .
[60]
(2.76)
∫ z
0
log cosπtdt = (z− 1
2
) log
cosπz
2π
− 1
2
log 2−log Γ(1
2
−z)+log G(1/2 + z)
G(1/2− z) .
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[60]
(2.77)∫ z
0
log tanπtdt = z log tanπz+
1
2
log
cosπz
π
+log Γ(
1
2
−z)+log G(1 + z)
G(1 − z)−log
G(1/2 + z)
G(1/2− z) .
[60]
(2.78)
∫ z
0
log(2 + 2 cos t)dt = (2z − 2π) log cos(z/2)
π
+ 4π log
G(1/2 + z/2π)
G(3/2− z/2π) .
3. Definite Integrals of Elementary Functions I.
3.1. General formulae. [105]
(3.1)
∫ ∞
−∞
F (u)dx =
∫ ∞
−∞
F (x)dx
where u = x −∑n−2j=1 aj/(x − Cj) where aj is any sequence of positive constants
and the Cj are any real constants.
[11]
(3.2)
∫ ∞
0
f([ax− b/x]2)dx = 1
a
∫ ∞
0
f(y2)dy, a, b > 0.
[42] Let
ϕ(x) =
∞∑
k=0
Akx
k,
then
(3.3)
∫ ∞
0
xβ−1e−xϕ(x)dx =
∞∑
k=0
AkΓ(k + β), β > 0.
Let
ϕ(x) =
∞∑
k=0
Akx
k/p,
then
(3.4)
∫ ∞
0
xβ−1e−xϕ(x)dx =
∞∑
k=0
AkΓ(k/p+ β), β > 0.
Let
ϕ(x) =
∞∑
k=0
Akx
k,
then
(3.5) p
∫ ∞
0
xβ−1e−x
p
ϕ(x)dx =
∞∑
k=0
AkΓ(
β + k
p
), β > 0.
[107]
(3.6)
∫ ∞
0
xs−1F (x)dx = Γ(s)φ(s).
where φ is the analytic continuation of the Taylor coefficient of F .
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[107]
(3.7)
∫ ∞
−∞
F (iw/u)
(1 + u2
du = F (w).
[107]
(3.8)
∫ ∞
−∞
F (ax(x + i))
cosh(πx)
dx = F (a/4).
[107]
(3.9)
∫ pi
−pi
F (eix cosx)
a2 cos2(x) + b2 sin2 x
dx =
2π
ab
F (b/(a+ b)).
[107]
(3.10)
∫ ∞
−∞
F (ax(x+ i))
sinh(πp(2x+ i))
dx = −iF (a/4)
2p
.
3.2. Power and Algebraic Functions.
(3.11)∫ 1
0
dx
xk+1
(1 + δ2 + β2x2)k+2
=
1
(1 + δ2)k+2(k + 2)
2F1(2+k, 1+k/2; 2+k/2;− β
2
1 + δ2
)
=
1
(1 + δ2)(k + 2)(1 + δ2 + β2)k+1
2F1(1,−k/2; 2 + k/2;− β
2
1 + δ2
).
For even k, this is a terminating hypergeometric function, a polynomial of order
k/2 in the argument. For odd k, this is rewritten as [2, 15.3.26]
(3.12)
2F1(1,−k/2; 2 + k/2;− β
2
1 + δ2
) =
1 + δ2
1 + δ2 − β2 2F1(1, 1/2; 2 + k/2;−
4β2(1 + δ2)
(1 + δ2 − β2)2 )
and for increasing odd k recursively computed with the contiguous relations [2,
15.2.27] anchored at [2, 15.1.5]
(3.13) 2F1(1, 1/2; 3/2;−z2) = 1
z
arctan z; 2F1(1, 1/2; 1/2;−z2) = 1
1 + z2
.
[142]
(3.14)∫ u
a
xdx√
(x− a)(x− b)(x − c) =
2√
a− c [(a− b)Π(µ, 1, q) + bF (µ, q)], u > a > b > c.
[142]
(3.15)
∫ c
u
dx
(r − x)
√
(a− x)(b − x)(c − x) =
2(c− b)
(r − b)(r − c)√a− c
×Π(β, r − b
r − c , p) +
2
(r − b)√a− cF (β, p), a > b > c > u, r 6= c.
58 RICHARD J. MATHAR
[142]
(3.16)
∫ u
a
dx
(x− r)
√
(x− a)(x − b)(x− c) =
2
(b− r)(a − r)√a− c
×
[
(b− a)Π(µ, b− r
a− b , q) + (a− r)F (µ, q)
]
, u > a > b > c, r 6= a.
[142]
(3.17)
∫ b
u
√
(x− c)(b − x)
a− x dx =
2
3
√
a− c[2(b− a)F (δ, q)
+ (2a− b− c)E(δ, q)] + 2
3
(b+ c− a− u)
√
(b− u)(u− c)
a− u , a > b > u ≥ c.
[142]
(3.18)
∫ u
a
√
(x− b)(x− c)
x− a dx =
2
3
√
a− c[2(a− b)F (µ, q)
+ (b+ c− 2a)E(µ, q)] + 2
3
(u+ 2a− 2b− c)
√
(u− a)(u− c)
u− b , u > a > b > c.
[142]
(3.19)
∫ u
a
√
(x− a)(x− c)
x− b dx =
2
3
√
a− c[(a+ c− 2b)E(µ, q)
− (a− b)F (µ, q)] + 2
3
(u+ b− a− c)
√
(u− a)(u− c)
u− b , u > a > b > c.
[72]
(3.20)
∫ ∞
0
uαdu
(au + 1)β(bu+ 1)γ
= A0 log a+B0 log b+
β−1∑
r=1
Ar
r
+
γ−1∑
s=1
Bs
s
;
where
(3.21)
Ar = (−1)α+β+r+1aγ−α−1
β−γ−1∑
j=0
(
α
j
)(
β + γ − r − j − 2
γ − 1
)
bβ−r−j−1
(a− b)β+γ−r−j−1 ;
(3.22) Bs = (−1)βbβ−α−1
γ−s−1∑
j=0
(
α
j
)(
β + γ − s− j − 2
β − 1
)
aγ−s−j−1
(a− b)β+γ−s−j−1 .
(3.23) r = 0, 1, . . . , β − 1; s = 0, 1, . . . , γ − 1.
3.3. Powers of x, of binomials of the form α+ βxp, and of polynomials in
x. [79]
(3.24)
3F2(−n, b/2, (b+1)/2; c/2, (c+1)/2;x) = Γ(c)
Γ(b)Γ(c− b)
∫ 1
0
tb−1(1−t)c−b−1(1−xt2)ndt, ℜc > ℜb > 0.
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[40]
(3.25)
∫ ∞
0
[
x2
x4 + 2ax2 + 1
]r
· x
2 + 1
xb + 1
dx
x2
=
∫ ∞
0
[
x2
x4 + 2ax2 + 1
]r
dx
x2
=
∫ ∞
0
[
x2
x4 + 2ax2 + 1
]r
dx
=
∫ ∞
0
[
x2
x4 + 2ax2 + 1
]r
x2 + 1
x2
dx = 2−1/2−r(1 + a)1/2−rB(r − 1/2, 1/2),
with B Euler’s beta function, a >= 1, r > 1/2, any b.
From this by specialization [40]
(3.26)
∫ ∞
0
x4
(x4 + x2 + 1)3
dx =
π
48
√
3
.
[40]
(3.27)
∫ ∞
0
x3
(x4 + 7x2 + 1)5/2
dx =
2
243
.
[40]
(3.28)
∫ ∞
0
√
x
(x4 + 14x2 + 1)5/4
dx =
Γ2(3/4)
4
√
2π
.
[40]
(3.29)
∫ ∞
0
[
x2
bx4 + 2ax2 + c
]r
dx =
B(r − 1/2, 1/2)
2r+1/2
√
b[a+
√
bc]r−1/2
with b > 0, c ≥ 0, a > −
√
bc and r > 1/2.
[40]
(3.30)
∫ ∞
0
[
x2
x4 − x2 + 1
]r
dx
x2
=
√
π
2
Γ(r − 1/2)
Γ(r)
[13, 171]
(3.31)
∫ ∞
0
dx
(x4 + 2ax2 + 1)m+1
=
π
2
∑m
l=0 dl(m)a
l
[2(a+ 1)]m+1/2
where
(3.32) dl(m) ≡ 2−2m
m∑
k=l
2k
(
2m− 2k
m− k
)(
m+ k
m
)(
k
l
)
.
[171]
(3.33)
∫ ∞
0
dx
bx4 + 2ax2 + 1
=
π
2
√
2
1√
a+
√
b
.
[146]
(3.34)
(−)n
4n−1
∫ 1
0
x4n(1− x)4n
1 + x2
dx = π−
n−1∑
k=0
(−)k 2
4−2k(4k)!(4k + 3)!
(8k + 7)!
(820k3+1533k2+902k+165).
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[146]
(3.35)∫ 1
0
xm(1− x)n
1 + x2
dx =
√
πΓ(m+ 1)Γ(n+ 1)
2m+n+1
3F2
(
1, (m+ 1)/2, (m+ 2)/2
(m+ n+ 2)/2, (m+ n+ 3)/2
| −1
)
.
[24]
(3.36)
∫ 1
0
xm(1− x)n
1 + x2
dx = Rm,n +Am,nπ +Bm,n ln
√
2
induced by the partial fraction decomposition
(3.37)
xm(1− x)n
1 + x2
= Qm,n(x) +
Am,n
1 + x2
+
Bm,nx
1 + x2
.
[207][212, A093341]
(3.38)
∫ ∞
0
dx√
1 + x4
= K(
1√
2
).
[207]
(3.39)
∫ ∞
0
dx√
x+ x4
= K(
√
6−√2
4
).
[207]
(3.40)
∫ 1
0
dx
4
√
1− x2 =
√
3
[
2E(
1√
2
−K( 1√
2
)
]
.
[207][212, A062539]
(3.41)
∫ 1
0
dx
(1 − x2)3/4 =
√
2K(
1√
2
).
[207]
(3.42)
∫ 1
0
x2
(1− x2)3/4 dx =
23/2
3
K(
1√
2
).
[207]
(3.43)
∫ 1
0
1√
1− x6 dx =
1
4
√
3
K(
√
6−√2
4
).
[207]
(3.44)
∫ ∞
0
1√
1 + x6
dx =
2
4
√
27
K(
√
6−√2
4
).
[207]
(3.45)
∫ 1
0
1√
1− x8 dx =
1√
2
K(
√
2− 1).
[207]
(3.46)
∫ 1
0
x2√
1− x8 dx = (1−
1√
2
)K(
√
2− 1).
[207]
(3.47)
∫ 1
0
xa−1√
1− xn dx = cos(aπ/n)
∫ ∞
0
za−1√
1 + zn
dz, 2a < n.
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[207]
(3.48)
∫ ∞
0
zn−a−1√
1 + zn
dz ·
∫ 1
0
xa−1√
1− xn dx =
2π
n(2a− n) sin(πa/n) , n/2 < a < n.
[207]
(3.49)
∫ ∞
0
1√
1 + x8
dx =
∫ ∞
0
x2√
1 + x8
dx =
√
2−√2K(√2− 1).
[207]
(3.50)
∫ 1
0
x4√
1− x8 dx =
π
8
√
2
K(
√
2− 1) .
[207]
(3.51)
∫ 1
0
x6√
1− x8 dx =
π
24
2 +
√
2
K(
√
2− 1) .
[207]
(3.52)
∫ ∞
0
1
3
√
1 + x6
dx =
3
√
4
4
√
3
K(
√
6−√2
4
).
[207]
(3.53)
∫ 1
0
1
3
√
1− x6 dx =
3
√
4
4
√
27
K(
√
6−√2
4
).
[207]
(3.54)∫ ∞
1
1
m
√
(xn + a)(xn + b)
dx =
m
2n−mF1
(
2n−m
mn ; 1/m, 1/n
2n−m+mn
mn
| −a,−b
)
, 2n−m > 0, a, b > 0.
[207]
(3.55)∫ 1
0
1
m
√
(xn + a)(xn + b)
dx =
1
m
√
ab
F1
(
1/n; 1/m, 1/m
1 + 1/n
| −1/a,−1/b
)
, a, b > 0.
3.4. The Exponential function. [14]
(3.56) −
∫ 2
0
xp − xq
1− x dx = ψ(p+ 1)− ψ(q + 1)
[134]
(3.57)
∫ ∞
u
exp(− x
2
4β
−γx)dx =
√
πβeβγ
2
[
1− Φ(γ
√
β +
u
2
√
β
)
]
, ℜβ > 0, u ≥ 0.
[134]
(3.58)
∫ ∞
−∞
exp(−p2x2 ± qx)dx = exp( q
2
4p2
)
√
π
|p| .
[134]
(3.59)∫ ∞
0
xne−µx
x+ β
dx = (−1)n−1βneβµEi(−βµ)+
n∑
k=1
(k−1)!(−β)n−kµ−k, | arg β| < π, ℜµ > 0, n ≥ 0.
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3.5. Rational functions of powers and exponentials. [134]
(3.60)
∫ ∞
0
xν−1e−µx
1− βe−x dx = Γ(ν)
∞∑
n=0
(µ+ n)−νβµ.
[134]
(3.61)
∫ ∞
0
(1 + ix)2n−1 − (1− ix)2n−1
i
dx
epix + 1
=
1
2n
[1− 22nB2n].
[134]
(3.62)
∫ ∞
0
xqe−pxdx
(1− ae−px)2 =
Γ(q + 1)
apq+1
∞∑
k=1
ak
kq
, −1 ≤ a < 1, q > −1, p > 0.
[134]
(3.63)
∫ ∞
0
(1 + a)ex + a
(1 + ex)2
e−axxndx = −n!
∞∑
k=1
(−1)k
(a+ k)n
, a > −1, n = 1, 2, . . .
[42]
(3.64) p
∫ ∞
0
xβ−1eax−x
p
dx =
∞∑
k=0
ak
k!
Γ(
k + β
p
).
(3.65) p2
∫ ∞
0
tp−1eat−t
p
dt =
∞∑
k=1
ak
(k − 1)!Γ(k/p).
(3.66)
∫ ∞
0
xβ−1e−x−x
p
dx =
∞∑
j=0
(−1)j
j!
Γ(β + jp).
[208][212, A002161]
(3.67)
∫ ∞
0
(1− e−1/x2)dx = √π.
[134][212, A155739]
(3.68)
∫ ∞
0
{
e−x
2 − 1
1 + x2n
}
dx
x
= −1
2
C ≈ −0.288607.
[231]
(3.69)
∫ ∞
0
exp(nx− β shx)dx = 1
2
[Sn(β)− πEn(β) − πNn(β)] .
[231]
(3.70)
∫ ∞
−∞
exp(ν Arshx− iax)√
1 + x2
=
{
2 exp
(− iνpi2 )Kν(a) if a > 0,
2 exp
(
iνpi
2
)
Kν(−a) if a < 0.
[|ℜν| < 1]
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3.6. Hyperbolic Functions. [8, 51]
(3.71)
1
2
∫ ∞
0
x
coshx
dx = G.
[18]
(3.72)
∫ ∞
0
du
(b2 + u2) sinh(au)
=
1
2b
[
ψ(
ab
2π
+
3
4
)− ψ( ab
2π
+
1
4
)
]
for ℜa > 0, ℜb > max(−ℜa,−ℜ3a).
[18]
(3.73)
∫ ∞
0
udu
(b2 + u2) sinh(au)
=
1
2
[
ψ(
ab
2π
+
1
2
)− ψ( ab
2π
)
]
− π
2
4a2b
for ℜa > 0, ℜb > 0.
[42]
(3.74)
∫ ∞
0
xβ−1e−x
sinh b
√
x
b
√
x
dx =
∞∑
j=0
Γ(j + β)
(2j + 1)!
b2j .
(3.75)
∫ ∞
0
t2β−2e−t
2/b2 sinh tdt =
1
2
∞∑
j=0
Γ(j + β)
(2j + 1)!
b2(j+β).
(3.76)
∫ ∞
0
xβ−1e−x sinh
√
xdx =
∞∑
k=1
Γ(β + k)
Γ(2k)
.
[51]
(3.77)
∫ pi/2
0
sinh−1(sinx)dx =
∫ pi/2
0
sinh−1(cos x)dx = G.
[51]
(3.78)
∫ pi/2
0
csch−1(cscx)dx =
∫ pi/2
0
csch−1(secx)dx = G.
3.7. Rational Functions of Sines and Cosines. [134]
(3.79)
∫ pi/2
0
sin 2nx cos2m+1 x
sinx
dx =
π
2
, n > m ≥ 0.
[75, B2b]
(3.80)
∫ 2pi
0
sinm θ cosn θdθ = 2πǫmǫn
(m− 1)!!(n− 1)!!
(m+ n)!!
where ǫj = 1 if j is even and ǫj = 0 otherwise.
(3.81)
∫ pi/2
pi/4
cos2 t sin2k tdt = αk + βkπ
where α0 = −1/4, α1 = 0, α2 = 1/48, β0 = 1/8, β1 = 1/32, 4(k + 1)αk + 2(1 −
3k)αk−1+(2k−3)αk−2 = 0, 2(k+1)βk+(1−2k)βk−1 = 0.
∑
k≥0 βkz
k = 1
4(1+
√
1−x) .
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[32]
(3.82)∫ z
0
sinµ t sinν(z−t)dt =
√
πΓ(µ+ 1)Γ(ν + 1)
2(µ+ν+1)/2Γ(µ/2 + ν/2 + 1)
sin(µ+ν+1)/2 zP
−(µ+ν+1)/2
(µ−ν−1)/2 (cos z),ℜµ > −1,ℜν > −1.
[32]
(3.83)
2mΓ(m+ 1/2)√
πΓ(m+ n+ 1)Γ(m− n)
∫ z
0
sinm+n t sinm−n−1(z − t)dt = sinm zP−mn (cos z).
[32]
(3.84)
∫ z
0
(
sin t
sin(z − t)
)µ
dt =
π sinµz
sinµπ
, −1 < ℜµ < 1.
[150]
(3.85)
∫ arcsin q
0
(
cosφ±
√
q2 − sin2 φ
)n+2
Tm(cosφ)dφ = . . .
[8]
(3.86)
∫ pi/2
0
sinh−1(sinx)dx = G.
[8]
(3.87)
∫ pi/2
0
sinh−1(cosx)dx = G.
[8]
(3.88)
∫ pi/2
0
csch−1(cscx)dx = G.
[8]
(3.89)
∫ pi/2
0
csch−1(secx)dx = G.
[147, p40]
(3.90)
∫ ∞
0
cos(Tn(t,−x))dt = π
√
x
2n sin pi2n
[
J1/n(2x
n/2)− J−1/n(2xn/2)
]
,
(3.91)∫ ∞
0
cos(T2m(t, x))dt =
π
√
x
4m sin pi4m
[
J−1/(2m)(2xm)− J1/(2m)(2xm)
]
, m = 1, 2, 3 . . .
(3.92)∫ ∞
0
cos(T2m+1(t, x))dt =
2
√
x cos pi4m+2
2m+ 1
K1/(2m+1)(2x
m+1/2), m = 1, 2, 3 . . .
where x real positive, where
(3.93) Tn(t, x) ≡ tn 2F1(−n
2
,
1− n
2
; 1− n;−4x
t2
), n = 2, 3, 4, . . .
for example T2 = t
2 + 2x, T3 = t
3 + 3tx.
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3.8. Trigonometric and Rational Functions. [8, 51, 65, 60]
(3.94)
1
2
∫ pi/2
0
x
sinx
= G.
[8]
(3.95)
3
4
∫ pi/6
0
x
sinx
= G− π
8
log(1 +
√
3).
[65]
(3.96)
∫ pi/4
0
a2
sin2 a
da = G− π
16
(π − 4 ln 2).
[8, 51]
(3.97) − π
2
4
∫ 1
0
(x− 1
2
) sec(πx)dx = G.
[14]
(3.98)
2s+2
π
∫ pi/2
0
x coss x sin(sx)dx − γ = ψ(s+ 1).
[134]
(3.99)
∫ pi/4
0
xm tanxdx = 2πG− 7
2
ζ(3), m = 2.
[65]
(3.100)
∫ pi/2
0
a
tan a
da =
π
2
ln 2.
[65]
(3.101)
∫ pi/4
0
a2
tan2 a
da = G− π
16
(π − 4 ln 2)− π
3
192
.
[71]
(3.102)∫ 1/2
0
xn cotπxdx =
n!
2n
n∑
k=1,kodd
(−)(k−1)/2
πk
η(k)
(n− k + 1)!+
(−)n + 1
2
4n!(1− 2−n−1)
(2π)n+1
ζ(n+1),
where η(s) ≡ (1− 21−s)ζ(s).
[178, p 6]
(3.103)
∫ ∞
0
cos(xy)
(a2 + x2)ν+1/2
dx =
√
π
( y
2a
)ν 1
Γ(ν + 1/2)
Kν(ay).
[178, p 10]
(3.104)∫ ∞
0
xν
(a2 + x2)µ+1
cos(xy)dx =
aν−2µ−1
2
B
(
1
2
+
1
2
ν, µ− 1
2
ν +
1
2
)
1F2(
ν + 1
2
;
ν + 1
2
−µ, 1
2
,
a2y2
4
)
+
√
π
2−2µ+ν−2
Γ(1 + µ− 12ν)
y2µ−ν+1Γ(
1
2
ν − µ− 1
2
) 1F2(µ+ 1− ν
2
;µ− ν
2
+
3
2
;
a2y2
4
).
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[134]
(3.105)∫ ∞
0
x2m cos(ax)dx
(β2 + x2)n+1/2
=
(−1)m√π
2nβnΓ(n+ 1/2)
· d
2m
da2m
{anKn(aβ)}, a > 0, ℜβ > 0, 0 ≤ m ≤ n.
[178, p 116]
(3.106)
∫ ∞
0
sin(xy)
x(a2 + x2)ν+1/2
dx =
πy
2a2ν
[KνLν−1(ay) + Lν(ay)Kν−1(ay)]
where L are Struve functions.
[8]
(3.107)
1
2π
∫ pi/2
0
x2
sinx
= G− 7
4π
ζ(3).
[51]
(3.108)
∫ pi/4
0
x2
sin2 x
dx = G− 1
16
π2 +
1
4
π log 2.
[8, 51]
(3.109)
∫ pi/2
0
x cscx
cosx+ sinx
= G+
π
4
log 2.
[8, 51]
(3.110) − 2
∫ pi/2
0
x cosx
cosx+ sinx
= G− π
2
8
− π
4
log 2.
[8, 51]
(3.111) 2
∫ pi/2
0
x sinx
cosx+ sinx
= G+
π2
8
− π
4
log 2.
[51]
(3.112)
3
4
∫ pi/6
0
x
sinx
dx = G− 1
8
π log(2 +
√
3).
[60]
(3.113)
∫ pi/4
0
x cotxdx =
π
8
log 2 +
G
2
.
[60]
(3.114)
∫ pi/4
0
log cosxdx = −π
4
log 2 +
G
2
.
[60]
(3.115)
∫ pi/4
0
x tanxdx = −π
8
log 2 +
G
2
.
[60]
(3.116)
∫ pi/4
0
(
x
cosx
)2dx =
π2
16
+
π
4
log 2−G.
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[60]
(3.117)
∫ pi/4
0
(
x
sinx
)2dx = −π
2
16
+
π
4
log 2 +G.
[60]
(3.118)
∫ pi/4
0
x2 tan2 xdx = − π
3
192
+
π2
16
+
π
4
log 2−G.
[60]
(3.119)
∫ pi/4
0
x2 cot2 xdx = − π
3
192
− π
2
16
+
π
4
log 2 +G.
[12]
(3.120)
∫ ∞
0
x−p cos2n+1(x+b)dx =
Γ(1− p)
22n
n∑
k=0
(
2n+ 1
n− k
)
sin[πp/2− (2k + 1)b]
(2k + 1)1−p
.
[12]
(3.121)
∫ ∞
0
x−p sin2n+1(x+ b)dx =
Γ(1 − p)
22n
n∑
k=0
(
2n+ 1
n− k
)
cos[πp/2− (2k + 1)b]
(2k + 1)1−p
[12]
(3.122)
∫ ∞
0
x−p cos2n+1 xdx =
Γ(1− p)
22n
sin
(πp
2
) n∑
k=0
(
2n+1
n−k
)
(2k + 1)1−p
for 0 < p < 1.
[12]
(3.123)
∫ ∞
0
x−p sin2n+1 xdx =
Γ(1− p)
22n
cos
(πp
2
) n∑
k=0
(−1)k
(
2n+1
n−k
)
(2k + 1)1−p
for 0 < p < 1.
[12]
(3.124)
∫ ∞
0
cos2n+1 xpdx =
1
22n
Γ
(
p+ 1
p
)
cos
(
π
2p
) n∑
k=0
(
2n+1
n−k
)
(2k + 1)1/p
for p > 1.
[12]
(3.125)
∫ ∞
0
sin2n+1 xpdx =
1
22n
Γ
(
p+ 1
p
)
sin
(
π
2p
) n∑
k=0
(−1)k
(
2n+1
n−k
)
(2k + 1)1/p
for p > 1.
[12]
(3.126)
∫ pi/2
0
xp cos2n xdx =
⌊p/2⌋∑
j=0
an,p,p+1−2jπp+1−2j + δodd,p · a∗n,p,
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where for p ≥ 2 and 0 ≤ j ≤ ⌊p/2⌋
(3.127) an,p,p+1−2j =
(−)j(2nn )p!
22n+p+1(p+ 1− 2j)!
∑
1≤k1≤k2≤···≤kj≤n
1
k21k
2
2 · · · k2j
.
and a∗n,p is a similar multinomial sum. A similar form exists for odd powers of the
cosine.
[134]
(3.128)
∫ ∞
0
sin2m+1 x
xdx
a2 + x2
=
π
22m+1
e−(2m+1)a
m∑
k=0
(−1)m+k
(
2m+ 1
k
)
e2ka.
[134]
(3.129)
∫ ∞
0
cos2m x
xdx
a2 + x2
=
π
22m+1a
(
2m
m
)
+
π
22ma
m∑
k=1
(
2m
m+ k
)
e−2ka, a > 0.
[247]
(3.130)
∫ pi/2
0
sin2 θdθ√
1− e2 sin2 θ
=
1
e2
[F (e, π/2)− E(e, π/2)].
[247]
(3.131)
∫ pi/2
0
cos2 θdθ√
1− e2 sin2 θ
=
1
e2
[E(e, π/2)− (1− e2)F (e, π/2)].
[247]
(3.132)
1
π
∫ 2pi
0
cos 2φdφ√
1 + e2 − 2e cosφ =
4
3πe2
[(2+e2)F (e, π/2)−2(1+e2)E(e, π/2)].
[247]
(3.133)
∫ pi/2
0
sin4 θdθ√
1− e2 sin2 θ
=
1
3e4
[(2 + e2)F (e, π/2)− 2(1 + e2)E(e, π/2)].
[247]
(3.134)
∫ pi/2
0
sin2 θ cos2 θdθ√
1− e2 sin2 θ
=
1
3e4
[(2− e2)E(e, π/2)− 2(1− e2)F (e, π/2)].
[247]
(3.135)
∫ pi/2
0
cos4 θdθ√
1− e2 sin2 θ
=
1
3e4
[(2−5e2+3e4)F (e, π/2)−2(1−2e2)E(e, π/2)].
[247]
(3.136)
∫ pi/2
0
√
1− e2 sin2 θ sin2 θdθ = 1
3e2
[(1−e2)F (e, π/2)−(1−2e2)E(e, π/2)].
[247]
(3.137)
∫ pi/2
0
√
1− e2 sin2 θ cos2 θdθ = 1
3e2
[(1+e2)E(e, π/2)− (1−e2)F (e, π/2)].
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[247]
(3.138)
1
π
∫ 2pi
0
cos 3φdφ√
1 + e2 − 2e cosφ =
4
15πe3
[(8+3e2+4e4)F (e, π/2)−(8+7e2+8e4)E(e, π/2)].
[247]
(3.139)∫ pi/2
0
sin6 θdθ√
1− e2 sin2 θ
=
1
15e6
[(8 + 3e2 + 4e4)F (e, π/2)− (8 + 7e2 + 8e4)E(e, π/2)].
[247]
(3.140)∫ pi/2
0
sin4 θ cos2 θdθ√
1− e2 sin2 θ
=
1
15e6
[(8− 3e2 − 2e4)E(e, π/2)− (8− 7e2 − e4)F (e, π/2)].
[247]
(3.141)∫ pi/2
0
sin2 θ cos4 θdθ√
1− e2 sin2 θ
=
1
15e6
[(8−17e2+9e4)F (e, π/2)− (8−13e2+3e4)E(e, π/2)].
[247]
(3.142)∫ pi/2
0
cos6 θdθ√
1− e2 sin2 θ
=
1
15e6
[(8−23e2+23e4)E(e, π/2)−(8−27e2+34e4−15e6)F (e, π/2)].
and similar expressions for combined 8th powers in the numerator.
[247]
(3.143)∫ pi/2
0
√
1− e2 sin2 θ sin2 θ cos2 θdθ = 1
15e4
[2(1−e2+e4)E(e, π/2)−(2−3e2+e4)F (e, π/2)].
[247]
(3.144)∫ pi/2
0
√
1− e2 sin2 θ sin4 θdθ = 1
15e4
[2(1+e2−2e4)F (e, π/2)−(2+3e2−8e4)E(e, π/2)].
[247]
(3.145)∫ pi/2
0
√
1− e2 sin2 θ cos4 θdθ = 1
15e4
[2(1−4e2+3e4)F (e, π/2)−(2−7e2−3e4)E(e, π/2)].
[84]
I(a, b) ≡
∫ ∞
0
x−a
(
1− sin
b x
xb
)
dx.
then
(3.146) I(a, b) =
π sec(πa/2)
2bΓ(a+ b)
⌊(b−1)/2⌋∑
k=0
(−1)k+1
(
b
k
)
(b − 2k)a+b−1,
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with special cases
(3.147) I(2, b) =
π
2b(b+ 1)!
⌊(b−1)/2⌋∑
k=0
(−1)k+1
(
b
k
)
(b− 2k)b+1,
(3.148) I(a, 1) = −π sec(πa/2)
2Γ(1 + a)
∫ ∞
0
x−3/2(1− sinx
x
)dx =
2
√
2π
3
,
(3.149) I(a, 2) = −π2
a−1 sec(πa/2)
Γ(2 + a)
,
∫ ∞
0
x−3/2(1− sin
2 x
x2
)dx =
16
√
π
15
,
(3.150)
I(a, 3) =
(3− 32+a)π sec(πa/2)
8Γ(3 + a)
∫ ∞
0
x−3/2(1− sin
3 x
x3
)dx =
2
35
(9
√
3− 1)
√
2π.
3.9. Trigonometric Functions and Exponentials. [145]
(3.151)
∫ ∞
0
e−tx
2
cosx2dx =
√
π/8
√√
1 + t2 + t
1 + t2
.
[145]
(3.152)
∫ ∞
0
e−tx
2
sinx2dx =
√
π/8
√√
1 + t2 − t
1 + t2
.
4. Definite Integrals of Elementary Functions II
4.1. Logarithmic Functions. Let
(4.1) Ik ≡
∫ 1
0
xk
lnx√
1− xdx, k = 0, 1, 2, . . .
with special values
(4.2) I0 = 4(ln 2− 1); I1 = 4
3
(
−5
3
+ 2 ln 2
)
.
(This corrects a sign error in [21, 1.3.3.11].) Then recursively
(4.3) (2k + 1)Ik = Ik−1 + 2(k − 1)Ik−2 + 4(S2k−3 + S2k−1), k > 1,
where Sk is defined as
(4.4) Sk ≡
∫ pi/2
0
sink ϕ cos2 ϕdϕ,
such that [111, 2.510]
S0 =
π
4
; S1 =
1
3
; (k + 2)Sk = (k − 1)Sk−2; S2k+1 = (2k)!!
(2k + 3)!!
.
As a shortcut another representation is
(4.5) Ik = αk + βk ln 2
where α0 = −4, α1 = −20/9, (2k+1)2αk−2(4k2−2k+1)αk−1+4(k−1)2αk−2 = 0,
β0 = 4 and (2k + 1)βk − 2kβk−1 = 0.
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4.2. Logarithms of more complicated arguments. [203] In terms of the con-
stant (0.106) we have
(4.6)
∫ 1
0
log2 u
u
log(1 + u)du =
7π4
360
,
(4.7)
∫ 1
0
log2 u
u
log(1− u)du = −π
4
45
,
(4.8)
∫ 1
0
log2 u
u
log
1 + u
1− udu =
π4
24
,
(4.9)
∫ 1
0
log u
u
log2(1 + u)du = A4 − π
4
288
,
(4.10)
∫ 1
0
log u
u
log2(1− u)du = − π
4
180
,
(4.11)
∫ 1
0
log u
u
log2
1 + u
1− udu = 2A4 −
π4
60
,
(4.12)
∫ 1
0
1
u
log3(1 + u)du =
3
2
A4 − π
4
960
,
(4.13)
∫ 1
0
1
u
log3(1− u)du = −π
4
15
,
[203]
(4.14)
∫ 1
0
log u
u
log(1 + u)du = −3
4
ζ(3),
(4.15)
∫ 1
0
log u
u
log(1− u)du = ζ(3),
(4.16)
∫ 1
0
log u
u
log
1 + u
1− udu = −
7
4
ζ(3),
(4.17)
∫ 1
0
1
u
log2(1 + u)du =
1
4
ζ(3),
(4.18)
∫ 1
0
1
u
log2(1− u)du = 2ζ(3).
[134]
(4.19) 2
∫ pi/2
0
ln |1− sinx|dx = −π ln 2− 4G.
[51]
(4.20) − 2
∫ pi/4
0
log(2 sinx)dx = G.
A factor 2 is missing in [8].
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[51]
(4.21)
1
4
∫ pi/2
0
log
1 + cosx
1− cosxdx = G.
[51]
(4.22)
1
4
∫ pi/2
0
log
1 + sinx
1− sinxdx = G.
[134]
(4.23)
∫ pi/2
0
(ln tanx)2ndx = (π/2)
2n+1 |E2n|.
[134]
(4.24)
∫ ∞
0
lnxdx
(x + a)2
=
ln a
a
, 0 < a.
[8, 51]
(4.25) 2
∫ pi/4
0
log(2 cosx)dx = G.
[14, 172][212, A115252]
(4.26)
∫ pi/2
pi/4
ln ln tanxdx =
∫ 1
0
ln ln
(
1
x
)
dx
1 + x2
=
π
2
ln
(
Γ(3/4)
√
2π
Γ(1/4)
)
[235] If χ−∆ is an odd primitve character ( mod ∆) then
(4.27)
∫ 1
0
∑∆−1
n=1 χ−∆(n)x
n−1
1− x∆ ln ln
1
x
dx =


pi√
3 ln
√
3Γ2(2/3)
(2pi)2/3
, if∆ = 3;
π ln Γ(3/4)
pi1/4
, if∆ = 4;
pi√
∆
[ln 2π −∑∆−1r=1 χ−∆ ln Γ r∆ ], if∆ > 4.
[170]
(4.28)
1
4
∫ 1
0
x4 − 6x2 + 1
(1 + x2)3
log log(1/x)dx = −(γ+log 4)[ζ(−1, 1/4)−ζ(−1, 3/4)]+ζ ′(−1, 1/4)−ζ′(−1, 3/4).
[8][60]
(4.29) −
∫ 1
0
log(x)
x2 + 1
dx = G.
[235]
(4.30)
∫ 1
0
1
1− x2 (− log x)
ldx = l!(1− 1
21+l
)ζ(l + 1).
[235]
(4.31)
∫ 1
0
x
1− x2 (− logx)
ldx =
1
2l+1
l!ζ(l + 1).
[69]
(4.32)
∫ 1
0
log t
1− (1 − t)(1− u)dt =
1
1− u Li2
(
−u− 1
u
)
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[14]
(4.33)∫ b
0
ln t
(1 + t)n+1
dt =
1
n
[1−(1+b)−n] ln b− 1
n
ln(1+b)− 1
n(1 + b)n−1
n−1∑
j=1
1
j!
(
n− 1
j
)
|S(2)j+1|bj
[6]
(4.34)
zp
(p− 1)!
∫ 1
0
tz−1
(1− t)z log
p−1 1
t
dt = p+1Fp
(
z, z, . . . , z
z + 1, . . . , z + 1
| 1
)
.
[6]
(4.35)
1
Γ(1− z)Γ(p)
∫ 1
0
tz−1
(1− t)z log
p−1(t)dt =
[
z
p
]
.
[14]
(4.36)
∫ x
0
ln t
(1 + t2)n+1
dt =
(
2n
n
)
22n
[
g0(x) + pn(x) ln x−
n−1∑
k=0
tan−1 x+ pk(x)
2k + 1
]
where
(4.37) g0(x) ≡ lnx tan−1 x−
∫ x
0
tan−1 t
t
dt.
[172]
(4.38)
∫ ∞
0
lnn−1 xdx
(x− 1)(x+ a) =
(−)n(n− 1)!
1 + a
{
[1 + (−)n]ζ(n)
−
⌊n/2⌋∑
j=0
(
n
2j
)
(22j − 2)(−)jB2jπ2j logn−2j a
}
for n ≥ 2, a > 0.
[214]
(4.39) − 2t
∫ 1
0
(1 − x)j+1 log(1− x)
(1− tx(1 − x))3 dx =
∑
n≥1
tn
Cn(j)
n∑
r=1
1
r + j + n
where Cn(j) =
(
2n+j
n
)
/(n+ 1) are Catalan related numbers. For t = 2 the integral
becomes a sum of G, ζ(2), π ln 2, π and 1 with rational coefficients, and similar
results are given for t = 1/2.
[25]
(4.40)
∫ ∞
0
log(1 + x)
1 + x+ x2
dx = −
∫ 1
0
(1 + t) log t
1 + t3
dt = −3
2
L−3(2),
where L−3(s) is a Dirichlet series [212, A086724].
[14]
(4.41)
∫ 1
0
ln t
(1 + t2)n+1
dt = −2−2n
(
2n
n
)(
G+
n−1∑
k=0
pi
4 + pk(1)
2k + 1
)
where
(4.42) pk(1) =
∑
j=1
k
2j
2j
(
2j
j
) .
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[8]
(4.43)
∫ 1
0
(
2
x2 − 4x+ 8 −
3
x2 + 2x+ 2
)
log xdx = C.
[69]
(4.44) (−1)p+1n
∫ 1
0
(1− t)n−1 logp tdt = p!
n∑
k=1
(
n
k
)
(−1)k
kp
.
[69][212, A152648]
(4.45)∫ 1
0
log2 t
1− t dt =
∞∑
n=1
H
(1)
n
n2
= 2ζ(3) = 2Li3(t)− 2 Li2(t) log t− log(1− t) log2 t+ c
where H
(r)
n ≡
∑n
k=1
1
kr .
[69]
(4.46)
∫ 1
0
log3 u
1− u du = −6ζ(4).
[236]
(4.47)
∫ pi/2
0
ln(2 cosx)
x2 + ln2(2 cosx)
dx = π/4.
[236]
(4.48)
∫ pi/2
0
ln[x2 + ln2(2 cosx)]dx = 0.
[236]
(4.49)
∫ pi/2
0
ln[x2 + ln2(2e−a cosx)]dx = x ln
a
eb − 1 ,
and
(4.50)
∫ pi/2
0
ln[x2 + ln2(2e−a cosx)] cos 2xdx =
π
2
(
1− 1
a
− eb + 1
eb − 1
)
where b = min(a, ln 2).
[236]
(4.51)
∫ pi/2
0
ln[x2 + ln2(cosx)]dx =
π
2
ln ln 2.
[236]
(4.52)
∫ pi/2
0
ln[x2 + ln2(cosx)] cos 2xdx = − π
ln 2
.
[236]
(4.53)
∫ pi/2
0
ln cosx
x2 + ln2(cos x)
dx =
π
2
(
1− 1
ln 2
)
.
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[236]
(4.54)
∫ pi/2
0
x sin 2x
x2 + ln2(cos x)
dx =
π
4 ln2 2
.
[236]
(4.55)
∫ pi/2
0
x sin 2x
x2 + ln2(2 cosx)
dx =
13π
48
.
[236]
(4.56)
∫ pi/2
−pi/2
(1 + e−2ix)β
ln(1 + e−2ix)− adx = −
π
a
+ π
e(β+1)a
ea − 1 H(ln 2− a),
and
(4.57)
∫ pi/2
0
x sinx
x2 + ln2(2e−a cosx)
dx =
π
4a2
+
πea
4
(
1− 1
(ea − 1)2
)
H(ln 2− a),
where H is the unit step function.
[14, 236]
(4.58)
4
π
∫ pi/2
0
x2dx
x2 + ln2(2 cosx)
=
1
2
(1 + ln(2π)− γ).
[14]
(4.59)
4
π
∫ pi/2
0
x2dx
x2 + ln2(2e−a cosx)
=
γ
a
+
a+ ln(1− e−a)− γ − ln a
1− e−a +
a
1− e−a
∫ 1
0
e−at ln Γ(t)dt
(4.60) =
γ
a
+
a+ ln(1− e−a) + Γ(0, a)
1− e−a +
1
1− e−a
∫ 1
0
e−atψ(t+ 1)dt
where 0 < a < ln 2.
[14]
(4.61)
4
π
∫ pi/2
0
x2dx
x2 + ln2(2e−a cosx)
=
γ
a
+
∫ ∞
0
e−atψ(t+ 1)dt
where a > ln 2.
[14]
(4.62)
∫ pi/2
0
x2 ln(2 cosx)dx
(x2 + ln2(2 cosx))2
=
7π
192
+
π ln 2π
96
− ζ
′(2)
16π
.
[236]
(4.63)
1
2i
∫ pi/2
−pi/2
x(1 + exp(−2ix))β
ln(1 + exp(−2ix)) dx =
π
8
[1 + ln 2π − γ(2β + 1)− 2 ln Γ(β + 1)]
with ℜβ > −1.
[236]
(4.64)
∫ pi/2
−pi/2
(1 + exp(−2ix))β
ln(1 + exp(−2ix))dx =
π
2
(1 + 2β).
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[60]
(4.65)∫ pi/2
0
log(1+a2+2a cos t)dt = −π log cos(arctana)
π
−2π log G(1 +
1
pi arctana)G(
3
2 − 1pi arctana)
G(1 − 1pi arctana)G(12 + 1pi arctana)
,
where G is the reciprocal of the double Gamma function.
4.3. Logarithmic functions of compound arguments and powers. [8]
(4.66) −
∫ 1
0
log( 1√
2
(1− x))
x2 + 1
= G.
[8]
(4.67) −
∫ 1
0
log[ 12 (1 − x2)]
x2 + 1
= G.
[235]
(4.68)∫ 1
0
(− log(1 ± x))k
1± x x
r(− log x)ldx = ∓k!l!
∑
n1>n2>n3>...>nk+1≥1
(∓1)n1
(n1 + r)l+1n2n3 · · ·nk+1 .
[235] For integers k, r > 0, l ≥ 1
(4.69)∫ 1
0
(− log(1±x))kxr(− log x)ldx = k!l!
∑
n1>n2>n3>...>nk≥1
(∓1)n1
(n1 + r + 1)l+1n2n3 · · ·nk .
[235] For integers k, l, r ≥ 0, m, l ≥ 1
(4.70) I−k,l,r,m ≡
∫ 1
0
(− log(1− x))k
(1− x)m x
r(− log x)ldx =
r∑
i=0
(−)i
(
r
i
)
I−l,k,i−m,0.
[235]
(4.71)
−
∫ 1
0
log(1−x)(− logx)ldx = l!
∑
n1≥1
1
(n1 + 1)l+1n1
= l!
(
l + 1−
l+1∑
i=1
ζ(i)
)
, l ≥ 1.
[235]
(4.72) −
∫ 1
0
log(1 + x)(− log x)ldx = −l!
∑
n1≥1
(−)n1
(n1 + 1)l+1n1
, l ≥ 0.
[40]
(4.73)∫ ∞
0
[
1
x4 − x2 + 1
]r
ln
x2
x4 − x2 + 1
dx
x2
=
√
π
2
Γ(r)Γ′(r − 1/2)− Γ(r − 1/2)Γ′(r)
Γ2(r)
[40]
(4.74)
∫ ∞
0
1
x4 − x2 + 1 ln
2 x
2
x4 − x2 + 1
dx
x2
=
π
2
(
π2
3
+ 4 ln2 2).
[40]
(4.75)
∫ ∞
0
[
x
x2 + 1
]2r
ln
x
x2 + 1
dx
x2
=
√
π
4
G(r)[ψ(r − 1/2)− ψ(r) − 2 ln 2],
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where G ≡ 21−2rB(r − 1/2, 1/2)/√π.
[40]
(4.76)
∫ ∞
0
[
x
x2 + 1
]2r
ln
x
x2 + 1
x2 + 1
x2(xb + 1)
dx =
√
π
4
G′(r)
where G ≡ 21−2rB(r − 1/2, 1/2)/√π.
[40]
(4.77)
∫ ∞
0
[
x
x2 + 1
]2r
ln2
x
x2 + 1
dx
x2
=
√
π
8
G′′(r)
where G′′ ≡ G(r)[ψ′(r − 1/2)− ψ′(r) + (ψ(r − 1/2)− ψ(r) − 2 ln 2)2]
[14]
(4.78)
∫ ∞
0
e−ax lnx dx = −γ + ln a
a
.
[14]
(4.79)∫ ∞
0
lnx
ex + e−x − 1dx =
∫ 1
0
ln ln
(
1
x
)
dx
1− x+ x2 =
2π√
3
(
5
6
ln 2π − ln Γ
(
1
6
))
.
[136]
(4.80)
aν
Γ(ν)
∫ ∞
0
e−axxν−1 lnm xdx = φm(a, ν) +
m∑
j=1
(
m
j
)
ηjφ
m−j(a, ν),
where
(4.81) φ(a, ν) ≡ ψ(ν) − ln a,
(4.82) ηj(ν) ≡ (−1)j
∑
pi0(j)
(j; 0, k2, . . . , kj)
∗ζk2(2, ν) · · · ζkj (j, ν),
(4.83) ζ(k, ν) ≡
∞∑
l=0
1
(l + ν)k
, k ≥ 2.
[12]
∫ ∞
0
log x cos2n+1 x2dx = −
√
π
22n+3
(π + 2γ + 4 log 2)
n∑
k=0
(
2n+ 1
n− k
)
1√
4k + 2
−
√
π
22n+2
n∑
k=0
(
2n+ 1
n− k
)
log(2k + 1)√
4k + 2
.
[14]
(4.84)
∫ pi/2
0
x ln(2 cosx)dx = − 7
16
ζ(3).
[14]
(4.85)
∫ pi/2
0
x2 ln(2 cosx)dx = −π
4
ζ(3).
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[14]
(4.86)
∫ pi/2
0
x2 ln2(2 cosx)dx =
11π
16
ζ(4) =
11π5
1440
.
[63]
(4.87)
∫ pi/2
0
x4 ln2(2 cosx)dx =
5π7
8064
+
3π
4
ζ2(3).
[63]
(4.88)
∫ pi/2
0
x2 ln4(2 cosx)dx =
33π7
4480
+
3π
2
ζ2(3).
[76, 64]
(4.89) Cl2(θ) = −
∫ θ
0
ln(2 sin
t
2
)dt = − sin θ
∫ 2
0
ln θ
ρ2 − 2ρ cos θ + 1dρ.
[76]
(4.90) Cl2(π/3) =
√
3
6
[ψ′(
1
3
)− 2
3
π2].
[76]
(4.91) Cl2(pπ/q) = − 1
4q2
q−1∑
k=1
[ψ′(1 − k
2q
)− ψ′(1
2
− k
2q
)] sin k
p
q
π.
for p odd.
[76]
(4.92) Cl2(pπ/q) = − 1
4q2
q−1∑
k=1
[ψ′(1 − k
2q
) + ψ′(
1
2
− k
2q
)] sin k
p
q
π.
for p even and q ≥ 3 odd.
[76]
(4.93) Ti2(tan θ) = θ ln(tan θ) +
1
2
Cl2(2θ) +
1
2
Cl2(π − 2θ), 0 ≤ θ < π/2.
where
(4.94) Ti2(x) =
∫ x
0
arctan t
t
dt.
[63]
(4.95)∫ pi/2
0
x3 ln(cosx) sin[(p−1)x] cosp−1 xdx = − π
15
2−(p+6)[60γ4−60γ2π2+π4+60γ(π2−2γ2) ln 2
+60ψ′′′(p)+60{−(π2+6γ(−γ+ln2))ψ2(p)+(4γ−2 ln 2)ψ3(p)+ψ4(p)+6γ ln 2ψ′(p)
− 3[ψ′(p)]2− 2(γ+ln 2)ψ′′(p)+ (8γ− 4 ln 2)ζ(3)+ψ(p)(4γ3− 2γπ2+(π2− 6γ2) ln 2
+ 6 ln 2ψ′(p)− 2ψ′′(p) + 8ζ(3))}].
[8, 51]
(4.96)
∫ pi/4
0
log(cotx)dx = −
∫ pi/4
0
log(tanx)dx = G.
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[91, 160]
(4.97)
∫ pi/2
pi/4
ln ln tanx dx =
π
2
ln
Γ(3/4)
√
2π
Γ(1/4)
.
[160, 5]
(4.98)
∫ 1
0
xj log log
1
x
dx = −γ + log(j + 1)
j + 1
.
[5]
(4.99)∫ 1
0
xp−1
1 + xn
log log
1
x
dx =
1
2n
[log(2n)+γ]
(
ψ(
p
2n
)− ψ(n+ p
2n
)
)
+
1
2n
(
ζ′(1,
p
2n
)− ζ′(1, n+ p
2n
)
)
for ℜp > 0 and ℜn > 0, and a similar expression if (1+xn)2 or (1+xn)3 are in the
denominator.
[5]
(4.100)∫ 1
0
xnr−1
1 + xn
log log
1
x
dx =
1
2n
[log(2n)+γ]
(
ψ(r/2)− ψ(r + 1
2
)
)
+
1
2n
(ζ′(1, r/2)− ζ′(1, (r + 1)/2)) .
[5]
(4.101)∫ 1
0
xp−1
1− x
1− xn log log
1
x
dx =
1
n
[log(n)+γ]
(
ψ(p/n)− ψ(p+ 1
n
)
)
+
1
n
(ζ′(1, p/n)− ζ′(1, (p+ 1)/n)) .
[160] Let
(4.102) Rm,j(a) ≡
∫ 1
0
xj log log 1/x
(x+ a)m+1
dx,
and (Eulerian numbers)
(4.103) Am,j =
j∑
k=0
(−)k
(
m+ 1
k
)
(j − k)m
and
(4.104) Em ≡
∫ 1
0
Tm−1(x) log log 1/x
(x+ 1)m+1
dx
defined via polynomials
(4.105) Tm(x) ≡
m∑
j=0
(−)jAm+1,j+1xj ,
then
(4.106) Em = (1− 2m)ζ′(1−m)− (−)m[γ(2m − 1) + 2m log 2]Bm
m
where Bm are the Bermoulli numbers. The Rm,j are then recursively
(4.107) R0,0(1) = −(log2 2)/2; Rm,0(1) = Em
b0(m)
−
m−1∑
k=1
bk(m)
b0(m)
Rm−k,0(1),
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(4.108) R0,0(a) = −γ log(1 + 1/a)− Li′1(−1/a); Li′c(x) = −
∑
n>=1
logn
nc
xn,
and for m > 0
(4.109)
Rm,0(a) = − γ
am(1 + a)m
− γ
am+1m!
m∑
j=2
S1(m, j)Tj−2(1/a)
(1 + 1/a)j
− 1
amm!
m∑
j=1
S1(m, j) Li
′
1−j(−1/a),
where
(4.110) bk(m) ≡ (−)k
m−1∑
j=0
(
j
k
)
Am,j+1,
and the unsigned Stirling numbers of the first kind are S1(m, j) as in (t)m =∑m
j=1 Sj(m, j)t
j . For larger parameters m then
(4.111) Rm,0(a) =
r∑
j=0
αj,r(a)Rm−r+j,j(a), αj,r(a) ≡ (−)j
(
r
j
)
a−r.
[160] Let
(4.112) Dm,j(r, θ) =≡
∫ 1
0
xj log log 1/x
(x2 − 2rx cos θ + r2)m+1 dx,
then
(4.113) D0,0(1, θ) =
π
2 sin θ
[
(1 − θ/π) log 2π + log Γ(1− θ/2π)
Γ(θ/2π)
]
,
(4.114) D0,0(r, θ) = − γ
r sin θ
tan−1
sin θ
r − cos θ +
1
2ri sin θ
(Li′1(e
iθ/r)−Li′1(e−iθ/r)),
(4.115)
D0,1(r, θ) = −γ
2
log
r2 − 2r cos θ + 1
r2
−γ cot θ tan−1 sin θ
r − cos θ+
1
2ri sin θ
[Φ′(eiθ/r, 1, 1)−Φ′(e−iθ/r, 1, 1)],
(4.116) Dm,j(rθ) = − 1
2rm sin θ
∂
∂θ
Dm−1,j−1(r, θ), m, j > 0.
[160]
(4.117)
∫ 1
0
log(1− x)
x
log log 1/xdx =
∫ ∞
0
log t log(1− e−t)dt = γπ
2
6
− ζ′(2).
[160]
(4.118)
∫ 1
0
log(1 + x)
x
log log 1/xdx =
π2
12
(log 2− γ) + ζ′(2)/2,
and other examples involving the kernel log log 1/x.
[91]
(4.119)
∫ 1
0
qn ln(sinπq)dq = − ln 2
n+ 1
+ n!
⌊n/2⌋∑
k=1
(−1)k(ζ(2k + 1)
(2π)2k(n+ 1− 2k)! .
[96, 155] by differentiation of [111, 3.761.4] w.r.t. the parameter:
(4.120)
∫ ∞
0
sinx
xs
lnxdx =
π
2
1
[Γ(s) sin pis2 ]
2
[
Γ′(s) sin
sπ
2
+
π
2
Γ(s) cos
πs
2
]
.
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(4.121)
∫ ∞
0
sinx
xs
ln2 xdx = π
1
[Γ(s) sin pis2 ]
3
{
Γ′(s) sin
sπ
2
+
π
2
Γ(s) cos
πs
2
}
− π
2
1
[Γ(s) sin pis2 ]
3
{
Γ′′(s) sin
sπ
2
+ πΓ′(s) cos
πs
2
− π
2
4
Γ(s) sin
sπ
2
}
.
[64]
(4.122)
∫ 1
0
ln(1 − t) ln
2 t
1− tdt = −
π4
180
.
[64]
(4.123)
∫ 1
0
ln(1− t) ln
3 t
1− tdt = −π
2ζ(3) + 12ζ(5).
[64]
(4.124)
∫ 1
0
ln(1− t) ln
4 t
1− tdt = 12ζ
2(3)− 2π
6
105
.
[132] Define
(4.125) sn,p ≡ (−)
n+p−1
(n− 1)!p!
∫ 1
0
t−1 logn−1 t logp(1 − t)dt
then
(4.126) sn,p = sp,n =
p∑
k=1
(−)k+1
k!
∑
mi
Hp(m1, . . .mk)
m1 · · ·mk ζ(m1) · · · ζ(mk),
where
(4.127) Hp(m1, . . . ,mk) =
∑
pi
(
m1
p1
)
· · ·
(
mk
pk
)
,
the sum over mi over all sets of integers which satisfy mi ≥ 2,
∑k
i=1 = n+ p, and
the sum over pi over all sets of integers which satisfy 1 ≤ pi ≤ mi− 1,
∑k
i=1 pi = p.
Examples with sn,p =
∑p
k=1(−)k+1αk(n, p)/k! are α1(n, p) = (n + p − 1)!ζ(n +
p)/(n!p!) or α2(n, 2) =
∑n
ν=2 ζ(ν)ζ(n − ν + 2). The reference provides an explicit
table for n, p ≤ 4.
[133]
rnp ≡
∫ pi/2
0
logn cosx logp sinxdx;(4.128)
r10 = −π
2
log 2,(4.129)
r11 =
π
2
(
−π
2
24
+ log2 2
)
,(4.130)
r20 =
π
2
(
π2
12
+ log2 2
)
,(4.131)
r21 =
π
2
(
− log3 2 + 1
4
ζ(3)
)
,(4.132)
r22 =
π
2
(
π4
160
+ log4 2− ζ(3) log 2
)
.(4.133)
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[69]
(4.134)
∫ 1
0
log u
1− u Li2
(
u− 1
u
)
du =
17
4
ζ(4).
[69]
(4.135) −
∫ 1
0
Liq−1(1− t) log t
1− t dt =
∞∑
n=1
H
(1)
n
nq
,
where H
(r)
n ≡
∑n
k=1
1
kr .
[69]
(4.136)
∫
Li2(1− t) log t
1− t dt =
1
2
[Li2(1− t)]2 + c.
[69]
(4.137)
∫ 1
0
Li2p(1− t) log t
1− t dt =
1
2
2p∑
j=2
(−1)jζ(j)ζ(2p − j + 2),
[51]
(4.138) − 1
4
∫ 1
0
log x
(x+ 1)
√
x
dx =
1
4
∫ ∞
1
log x
(x + 1)
√
x
dx = G.
[51]
(4.139)
1√
2
∫ pi/2
0
log(
1 + 1√2 sinx
1− 1√2 sinx
)
dx
1 + cos2 x
= G.
[51]
(4.140)
1
2
∫ pi/4
0
log(
1 + sinx
1− sinx )
dx
cosx
√
cos 2x
= G.
[51]
(4.141)
∫ √2+1√
2−1
0
(x + 1) logx
4x
√
6x− x2 − 1dx = G.
[51]
(4.142) −
∫ 1
0
log x
1 + x2
dx =
∫ ∞
1
log x
1 + x2
dx = G.
[51]
(4.143) −
∫ 1
0
log(
1− x√
2
)
dx
1 + x2
= G.
[51]
(4.144) −
∫ 1
0
log(
1− x2
2
)
dx
1 + x2
= G.
[51]
(4.145)
∫ ∞
1
log(
x + 1√
2
)
dx
1 + x2
= G.
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[51]
(4.146)
∫ ∞
0
log(1 + x)
1 + x2
dx = G+
1
4
π log 2.
[51]
(4.147) −
∫ 1
0
log(1 + x2)
1 + x2
dx = G− 1
2
π log 2.
[51]
(4.148) −
∫ √2
1
2 log x
x
√
x2 − 1dx = G−
1
2
π log 2.
[51]
(4.149)
∫ pi/2
0
log(cosx+ sinx)dx = G− 1
4
π log 2.
[51]
(4.150) − 3
2
∫ 2−√3
0
log x
1 + x2
dx = G.
[51]
(4.151)
3
2
∫ ∞
2+
√
3
log x
1 + x2
dx = G.
(4.152)
I2k =
∫ pi/4
0
x2k
lnx√
1− x2 dx =
∫ pi/4
0
sin2k t ln(sin t)dt =
1
2k+1
ln 2+S2k−2+(2k−1)I2k−2,
where I0 = −pi4 ln 2 − G2 with G ≈ 0.9159 the Catalan constant [111, 4.241.6][212,
A006752], where
(4.153) S2k ≡
∫ pi/4
0
sin2k t cos2 tdt = − 1
2k+2(k + 1)
+
k − 1/2
k + 1
S2k−2
and where S0 =
1
4 +
pi
8 .
4.4. Inverse Trigonometric Functions. [8, 51]
(4.154)
2
π
∫ 1
0
tan−1 x
x
= G− 7
4π
ζ(3).
[51]
(4.155)
3
2
∫ 2−√3
0
tan−1 x
x
dx = G− 1
8
π log(2 +
√
3).
[51]
(4.156) −
∫ 1
0
(tan−1 x)2dx = G− 1
16
π2 − 1
4
π log 2.
[8, 51]
(4.157)
∫ 1
0
tan−1 x
x
dx = G.
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[51]
(4.158) 2
∫ 1
0
(
1
4
π − tan−1 x) dx
1− x2 = G.
[51]
(4.159) −
∫ 1
0
sin−1 x√
1 + x2
dx = G− 1
2
π log(1 +
√
2).
[106]
(4.160)
∫ b
0
tan−1
a√
1 + x2
· dx√
1 + x2
=
1
2
[g(a, b) + g(b, a)]
where
(4.161) g(a, b) = tan−1
b
a
ln[4(a2 + 1)− 4a
√
a2 + 1
2a2 + 1
]− 2η ln(
√
a2 + 1− a)
− Cl2(2 tan−1 b
a
) +
1
2
Cl2(4 tan
−1 b
a
− 2η) + 1
2
Cl2(2η)
and
(4.162) η = tan−1
ab
(
√
a2 + 1− a+ 1)a2 + (√a2 + 1− a− 1)b2 .
[60]
(4.163)
∫ z
0
arcsinat
t
dt = arcsinaz log(2π) + π log
G(1− 1pi arcsinaz)
G(1 + 1pi arcsinaz)
where G is the reciprocal of the double Gamma function.
4.5. Multiple Integrals. [25] Let
(4.164) Cn =
4
n!
∫ ∞
0
· · ·
∫ ∞
0
1
[
∑n
j=1(uj + 1/uj)]
2
du1
u1
· · · dun
un
then
(4.165) C2 = 1; C3 = L−3(s); C4 = 7ζ(3)/12
see (4.40).
[25] Let
(4.166)
Dn =
4
n!
∫ ∞
0
· · ·
∫ ∞
0
∏
i<j(
ui−uj
ui+uj
)2
[
∑n
j=1(uj + 1/uj)]
2
du1
u1
· · · dun
un
=
1
n!
∫
dnx
∏
i<j tanh
2[(xi − xj)/2]
(coshx1 + · · ·+ coshxn)2
then
(4.167)
D1 = 2; D2 = 1/3; D3 = 8+4π
2/3− 27L−3(2); D4 = 4π2/9− 1/6− 7ζ(3)/2,
see (4.40).
[51]
(4.168)
2
π
∫ pi/2
0
∫ pi/2
0
tan−1(sinx sin y)
dxdy
sinx
= G.
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[51]
(4.169)
1
2
∫ 1
0
∫ pi/2
0
dθdx√
1− x2 sin2 θ
= G.
[51]
(4.170)
∫ 1
0
∫ pi/2
0
√
1− x2 sin2 θdθdx = G+ 1
2
.
[51]
(4.171) 8
∫ 1
0
∫ 1
0
tan−1(xy)dxdy
1 + x2y2
= 2πG− 7
2
ζ(3).
[51]
(4.172) 4
∫ 1
0
∫ 1
0
tan−1 x
1 + x2y2
dxdy = 2πG− 7
2
ζ(3).
[51]
(4.173) −
∫ 1
0
∫ 1
0
log(1− x2y2)
xy
√
(1− x2)(1− y2)dxdy = 2πG−
7
2
ζ(3).
[38]
(4.174)∫ pi/2
0
∫ pi/2
0
tan(φ/2)dθdφ√
1− x cos2 θ cos2 φ =
π
4
∫ pi/2
0
dφ√
1− (1− x) sin2 φ
+
1
4
log x
∫ pi/2
0
dφ√
1− x sin2 φ
.
[8, 51]
(4.175)
1
4
∫ 1
0
∫ 1
0
1√
(1 − x)(1 − y)
dxdy
x+ y
= G.
[116]
(4.176)∫ 1
0
· · ·
∫ 1
0
∏
1≤i<j≤n
|ti−tj |2z
n∏
j=1
tx−1j (1−tj)y−1dtj =
n∏
j=1
Γ(x+ (j − 1)z)Γ(y + (j − 1)z)Γ(jz + 1)
Γ(x+ y + (n+ j − 2)z)Γ(z + 1) ,
where n is a positive integer, x, y, z are in C, andℜx, ℜy > 0, ℜz > −max{1/n,ℜx/(n−
1),ℜy/(n− 1)}.
[69]
(4.177)
∫ 1
0
∫ 1
0
Liq−2[(1 − t)(1− u)] log t log u dudt
(1− t)(1− u) =
∞∑
n=1
[
H
(1)
n
]2
nq
where H
(r)
n ≡
∑n
k=1
1
kr .
[69]
(4.178)
∫ 1
0
∫ 1
0
log t log u dudt
1− (1− t)(1 − u) =
∞∑
n=1
[
H
(1)
n
]2
n2
where H
(r)
n ≡
∑n
k=1
1
kr .
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[69]
(4.179) −
∫ 1
0
∫ 1
0
log[1− (1− t)(1 − u)] log t log u dudt
(1 − t)(1− u) =
∞∑
n=1
[
H
(1)
n
]2
n3
where H
(r)
n ≡
∑n
k=1
1
kr .
[69]
(4.180) n2
∫ 1
0
(1 − t)n−2 log t dt
∫ 1
0
(1− u)n−1 log u du =
[
H(1)n
]2
,
where H
(r)
n ≡
∑n
k=1
1
kr .
[12]
(4.181)∫ ∞
0
∫ ∞
0
cos2n+1(x+ y)
xpyq
dxds = −Γ(1−p)Γ(1−q) cos π(p+ q)
2
n∑
k=0
(
2n+ 1
n− k
)
(2k + 1)p+1−2
22n
[12]
(4.182)
∫ ∞
0
∫ ∞
0
cos(x+ y)
xpyq
dxdy = −Γ(1− p)Γ(1 − q) cos π(p+ q)
2
.
[12]
(4.183)
∫ ∞
0
∫ ∞
0
log x log y√
xy
cos(x + y)dxdy = (γ + 2 log 2)π2.
[12]
(4.184)
∫
Rn+
(cos ||x||2) ·
n∏
j=1
log xjdV =
(−)∆nπn/2
22n
×
{
ℜψn n even
ℑψn n odd
where ∆n ≡ n(n+ 1)/2 and ψn ≡ (γ + 2 log 2 + πi/2)nepiin/4.
[115]
(4.185)
∫ 1
0
∫ 1
0
xu−1yv−1
1− xyz (− lnxy)
sdxdy = Γ(s+1)
Φ(z, s+ 1, v)− Φ(z, s+ 1, u)
u− v ,
[115]
(4.186)
∫ 1
0
∫ 1
0
(xy)u−1
1− xyz (− lnxy)
sdxdy = Γ(s+ 1)Φ(z, s+ 2, u),
where
(4.187) Φ(z, s, u) =
∞∑
k=0
zk
(u + k)s
=
1
Γ(s)
∫ ∞
0
e−(u−1)t
et − z t
s−1dt
is the Lerch transcendent. [115]
(4.188)
∫ 1
0
∫ 1
0
1
1 + xyi
dxdy = G− π
2i
48
,
[115]
(4.189)
∫ 1
0
∫ 1
0
−x lnxy
1 + x2y2
dxdy = G− π
2
48
,
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[115]
(4.190)
∫ 1
0
∫ 1
0
−x lnxy
1− x2y2 dxdy =
π2
12
,
[115]
(4.191)
∫ 1
0
∫ 1
0
(− lnxy)n
1− xyz dxdy =
(n+ 1)! Lin+2(z)
z
,
[115]
(4.192)
∫ 1
0
∫ 1
0
−1
(1− xyz) lnxy dxdy = −
ln(1− z)
z
,
[115]
(4.193)
∫ 1
0
∫ 1
0
−1
(2− xyz) lnxy dxdy = ln 2,
[115]
(4.194)
∫ 1
0
∫ 1
0
1
2− xy dxdy =
π2
12
− ln
2 2
2
.
[115]
(4.195)
∫ 1
0
∫ 1
0
− lnxy
2− xy dxdy =
7ζ(3)
4
− π
2 ln 2
6
+
ln3 2
3
.
[115]
(4.196)
∫ 1
0
∫ 1
0
−1
(ϕ− xy) lnxy dxdy = lnϕ,
[115]
(4.197)
∫ 1
0
∫ 1
0
1
ϕ− xy dxdy =
π2
10
− ln2 ϕ,
[115]
(4.198)
∫ 1
0
∫ 1
0
−1
(ϕ2 − xy) lnxy dxdy = lnϕ,
etc where
(4.199) ϕ ≡ (1 +√5)/2.
[115]
(4.200)
∫ 1
0
∫ 1
0
1− 2xy
(8 + xy)(9 − xy)dxdy =
1
2
ln2
9
8
.
[115]
(4.201)
∫ 1
0
∫ 1
0
52− 7xy
(2 + xy)(9− xy)dxdy =
π3
3
+ 3 ln2 2 + 2 ln2 3− 6 ln 2 ln 3.
etc [115]
(4.202)
∫ 1
0
∫ 1
0
(− lnxy)s
1− xy dxdy = Γ(s+ 2)ζ(s+ 2),ℜs > −1.
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[115]
(4.203)∫ 1
0
∫ 1
0
(− lnxy)s
1 + xy
dxdy = Γ(s+ 2)ζ∗(s+ 2),ℜs > −2, ζ∗(s) ≡ (1− 21−s)ζ(s).
[115]
(4.204)
∫ 1
0
∫ 1
0
(− lnxy)s
1 + x2y2
dxdy = Γ(s+ 2)β(s+ 2),ℜs > −2.
[115]
(4.205)
∫ 1
0
∫ 1
0
1
1− xy dxdy = ζ(2).
[115]
(4.206)
∫ 1
0
∫ 1
0
− lnxy
1− xy dxdy = 2ζ(3).
[115]
(4.207)
∫ 1
0
∫ 1
0
−1
(1 + x2y2) lnxy
dxdy = π/4.
[115, 51]
(4.208)
∫ 1
0
∫ 1
0
1
1 + x2y2
dxdy = G.
[115]
(4.209)
∫ 1
0
∫ 1
0
lnxy
1 + x2y2
dxdy =
π3
16
.
[115]
(4.210)
∫ 1
0
∫ 1
0
(− lnxy)s
1 + x2y2z2
dxdy = Γ(s+ 1)
χs+2(z)
z
, ℜs > −2,ℜz 6= 0.
[115]
(4.211)
∫ 1
0
∫ 1
0
1
1− x2y2 tan2(π/8)dxdy =
π2
16 tan pi8
− ln
2 tan pi8
4 tan pi8
.
[115]
(4.212)
∫ 1
0
∫ 1
0
xu−1yv−1
− lnxy dxdy =
1
u− v ln
u
v
.
[115]
(4.213)
∫ 1
0
∫ 1
0
(xy)u−1
− lnxy dxdy =
1
u
.
[115]
(4.214)
∫ 1
0
∫ 1
0
−xu−1yv−1
(1 + xy) ln xy
dxdy =
1
u− v ln
Γ(u/2)Γ(u+12 )
Γ(v/2)Γ(v+12 )
, u > 0, v > 0.
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[115]
(4.215)
∫ 1
0
∫ 1
0
−(xy)u−1
(1 + xy) lnxy
dxdy =
1
2
[
ψ(
u + 1
2
− ψ(u
2
)
]
.
[115][212, A053510]
(4.216)
∫ 1
0
∫ 1
0
1 + x
−(1 + xy) lnxy dxdy = lnπ.
[115][212, A094640]
(4.217)
∫ 1
0
∫ 1
0
1− x
−(1 + xy) lnxy dxdy = ln
4
π
.
[115]
(4.218)
∫ 1
0
∫ 1
0
−x
(1 + x2y2) lnxy
dxdy = ln
√
2π
Γ2(3/4)
.
[115]
(4.219)
∫ 1
0
∫ 1
0
xu−1yv−1
1− xy dxdy =
ψ(u)− ψ(v)
u− v ;
∫ 1
0
∫ 1
0
(xy)u−1
1− xy dxdy = ψ
′(u).
[115][212, A073010]
(4.220)
∫ 1
0
∫ 1
0
y
(1− x3y3)dxdy =
π
3
√
3
.
[115]
(4.221)
∫ 1
0
∫ 1
0
xu−1yv−1(− lnxy)sdxdy = Γ(s+ 1)v
−s−1 − u−s−1
u− v
and others of similar shape.
[45]
(4.222) Wn(2k) =
∑
a1+a2+···+an=k
(
k
a1, . . . , an
)2
,
where the sum is over all compositions (unordered partitions) with n terms, and
(4.223) Wn(s) ≡
∫
[0,1]n
∣∣∣∣∣
n∑
k=1
e2piixk
∣∣∣∣∣
s
dnx.
[45]
(4.224) W3(k) = ℜ 3F2
(
1/2,−k/2,−k/2
1, 1
| 4
)
.
[45]
(4.225)
Wn(s) = n
s
∑
m≥0
(−1)m
(
s/2
m
) m∑
k=0
(−)k
n2k
(
m
k
) ∑
a1+a2+···+an=k
(
k
a1, . . . , an
)2
.
5. Indefinite Integrals of Special Functions
5.1. Elliptic Integrals and Functions.
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5.2. The Exponential Integral.
5.3. The Sine Integral and Cosine Integral.
5.4. The Error Funcation and Fresnel Integrals.
5.5. Cylinder Functions.
(5.1)
∫
x2Zν+1(x)dx = −2x2Zν(x) + 4
∫
xZν(x)dx +
∫
x2Zν−1(x)dx,
by partial integration of
∫
xZνdx with [111, 8.471.2], where Z is a Bessel Function.
(5.2)
∫
xµ+1Zν−1(x)dx = xµ+1Zν(x) + (ν − µ− 1)
∫
xµZν(x)dx,
µ 6= −1, by partial integration of ∫ xµZνdx with [111, 8.472.1], where Z is a Bessel
Function. Equivalent formula for spherical Bessel functions jn(z) ≡
√
π/(2z)Jn+1/2(z):
(5.3) (n−m)
∫
xmjn(x)dx =
∫
xm+1jn−1(x)dx − xm+1jn(x).
(5.4)
∫
xµ+1Zν+1(x)dx = −xµ+1Zν(x) + (µ+ 1 + ν)
∫
xµZν(x)dx,
µ 6= −1, by partial integration of ∫ xµZνdx with [111, 8.472.2], where Z is a Bessel
Function.
[187]
(5.5)∫
sin(x)Zν(x)
x3/2
dx =
2[(2ν + 1) sin(x) − 2x cos(x)]
x1/2(2ν − 1)(2ν + 1) Zν(x)−
4x1/2 sin(x)
(2ν − 1)(2ν + 1)Zν+1(x)
where Z is a Bessel function J or Y .
[187]
(5.6)∫
cos(x)Zν(x)
x3/2
dx =
2[(2ν + 1) cos(x) + 2x sin(x)]
x1/2(2ν − 1)(2ν + 1) Zν(x)−
4x1/2 cos(x)
(2ν − 1)(2ν + 1)Zν+1(x)
where Z is a Bessel function J or Y .
[187]
(5.7)∫
Zµ(x)Z¯ν(x)
x2
dx = −1 + µ+ ν + 2µν + µν
2 + µ2ν − µ2 − µ3 − ν2 − ν3 + 2x2
x(−1 + µ− ν)(−1 + µ+ ν)(1 + µ− ν)(1 + µ+ ν) ZµZ¯ν
+
1
(1− µ− ν)(1 − µ+ ν)ZµZ¯ν+1 +
1
(1 − µ− ν)(1 + µ− ν)Zµ+1Z¯ν
− 2x
(1− µ− ν)(1 − µ+ ν)(1 + µ− ν)(1 + µ+ ν)Zµ+1Z¯ν+1.
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[187]
(5.8)∫
Zµ(x)Z¯ν(x)
x3
dx = − (2 + µ+ ν)(4µ+ 4ν + µν
2 + µ2ν − µ3 − ν3 + 4x2
x2(µ+ ν)[ν2 − (2− µ)2][ν2 − (2 + µ)2] ZµZ¯ν
− 4µν
2 + 2µ2ν2 − 4µ2 − 4ν3 − µ4 + 4ν2 − ν4 + 8x2
x(µ2 − ν2)[ν2 − (2 − µ)2][ν2 − (2 + µ)2] ZµZ¯ν+1
+
4µ2ν + 2µ2ν2 + 4µ2 − µ4 − 4ν2 − 4ν3 − ν4 + 8x2
x(µ2 − ν2)[ν2 − (2 − µ)2][ν2 − (2 + µ)2] Zµ+1Z¯ν
− 4
[−ν2 + (2− µ)2][−ν2 + (2 + µ)2]Zµ+1Z¯ν+1.
[187]
(5.9)∫
Z2ν (x)
x2
dx =
1 + 2ν + 2x2
(4ν2 − 1)x Z
2
ν (x)−
2
−1 + 2ν Zν(x)Zν+1(x)−
2x
1− 4ν2Z
2
ν+1(x).
[187]
(5.10)
∫
Z2ν (x)
x4
dx =
−9− 6ν + x2(6 + 16ν + 8ν2) + 36ν2 + 24ν3 + 16x4
3x3(1− 4ν2)(9− 4ν2) Z
2
ν (x)
− 2(−3 + 4ν + 4ν
2 + 8x2)
3x2(1− 2ν)(9 − 4ν2) Zν(x)Zν+1(x)−
2(1− 4ν2 − 8x2)
3x(1− 4ν2)(9 − 4ν2)Z
2
ν+1(x).
[187]
(5.11)∫
x2Z31/3(x)dx = (−
4
9
x− 16
81x
)Z31/3(x)−
4x
3
Z1/3(x)Z
2
4/3(x)+(
8
9
+x2)Z21/3(x)Z4/3(x)+
2
3
x2Z34/3(x).
[187]
(5.12)∫
Z41 (x)
x
dx =
x2
4
Z42 (x)+(
3
4
+
x2
4
)Z41 (x)−
3x
2
Z1(x)Z
3
2 (x)+6(
1
2
+
x2
12
)Z21 (x)Z
2
2 (x)+4(−
3x
8
− 1
2x
)Z31 (x)Z2(x).
[187]
(5.13)
∫
Z43 (x)
x3
dx = (
1
24
+
1
2x2
+
2
x4
+
x2
378
)Z43 (x) + (
5
216
+
2
27x2
+
x2
378
)Z44 (x)
+ 4(− x
108
− 5
54x
− 1
3x3
)Z3(x)Z
3
4 (x) + 6(
7
216
+
1
3x2
+
4
3x4
+
x2
1134
)Z23 (x)Z
2
4 (x)
+ 4(− x
108
− 1
8x
− 1
x3
− 4
x5
)Z33 (x)Z4(x).
where Z and Z¯ are Bessel functions J or Y .
[187]
(5.14)∫
xlZµ(x)Z¯ν(x)dx = A00(x)Zµ(x)Z¯ν(x)+A01(x)Zµ(x)Z¯ν+1(x)+A10(x)Zµ+1(x)Z¯ν(x)
+A11(x)Zµ+1(x)Z¯ν+1(x),
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where Z and Z¯ are Bessel functions J or Y , where
A00 =
x
2(µ+ ν)
D3A11+
3+ µ+ ν
2(µ+ ν)
D2A11+
−7− 3µ− 3ν − 2µν + µ2 + ν2 − 4x2
2x(µ+ ν)
DA11
+
(−2− µ− ν)(−4− 2µν + µ2 + ν2 − 2x2)
2x2(µ+ ν)
A11 +
xl+1
µ+ ν
,
A01 =
−x2
2(µ2 − ν2)D
3A11 +
3x
2(µ2 − ν2)D
2A11 − 7− 3µ
2 − ν2 + 4x2
2(µ2 − ν2) DA11
+
4 + µν2 − 3µ2 − µ3 − ν2 + 2x2
x(µ2 − ν2) A11 +
xl+2
µ2 − ν2 ,
A10 =
x2
2(µ2 − ν2)D
3A11 − 3x
2(µ2 − ν2)D
2A11 +
7− µ2 − 3ν2 + 4x2
2(µ2 − ν2) DA11
− 4 + µ
2ν − µ2 − 3ν2 − ν3 + 2x2
x(µ2 − ν2) A11 −
xl+2
µ2 − ν2 ,
A11(x) = x
l+3
n′∑
n=0
dnx
2n,
d0 =
2(l+ 1)
(l + 3)4 − 8(l + 3)3 + 2(12− µ2 − ν2)(l + 3)2 − 8(l + 3)(4− µ2 − ν2) + [(2− µ)2 − ν2][(2 + µ)2 − ν2] ,
{(3+2n+ l)4− 8(3+2n+ l)3+2(12−µ2− ν2)(3+2n+ l)2− 8(3+2n+ l)(4−µ2
−ν2)+ [(2−µ)2−ν2][(2+µ)2−ν2]}dn = −4(1+2n+ l)(2n+ l)dn−1, n′ ≥ n > 0,
and dn = 0 if n > n
′.
n′ =


0, l = −1
|l|
2 − 1, l < −1, even|l|−3
2 , l < −1, odd
∞, l ≥ 0
[187][23]
(5.15)
∫
xlZ2ν (x)dx = A00(x)Z
2
ν (x) + 2A01(x)Zν(x)Zν+1(x) + A11(x)Z
2
ν+1(x)
where
(5.16) A00(x) =
1
2
D2A11(x)− 3 + 2ν
2x
DA11(x) +
(2 + 2ν + x2)
x2
A11(x),
(5.17) A01(x) =
1
2
DA11(x)− 1 + ν
x
A11(x),
(5.18) A11(x) = xy(x),
(5.19) y =
(l−1)/2∑
n=0
bnx
2n+1,
(5.20) b(l−1)/2 = 1/(2l), bn =
2(n+ 1)[ν2 − (n+ 1)2]
2n+ 1
bn+1,
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if 0 ≤ n ≤ (l − 3)/2, and if l ≥ 3 a positive odd integer.
[238, 136,1]
(5.21)∫
z−µ−ν−1Cµ+1(z)Dν+1(z)dz = − z
−µ−ν
2(µ+ ν + 1)
{Cµ(z)Dν(z) + Cµ+1(z)Dν+1(z)}
where C and D are arbitrary Bessel functions.
[238, 136,2]
(5.22)
∫
zµ+ν+1Cµ(z)Dν(z)dz = z
µ+ν+2
2(µ+ ν + 1)
{Cµ(z)Dν(z) + Cµ+1(z)Dν+1(z)}
where C and D are arbitrary Bessel functions.
[238]
(ρ+ µ+ ν)
∫
zρ−1Cµ(z)Dν(z)dz + (ρ− µ− ν − 2)
∫
zρ−1Cµ+1(z)Dν+1(z)dz =
zρ {Cµ(z)Dν(z) + Cµ+1(z)Dν+1(z)}
where C and D are arbitrary Bessel functions.
[238, 136,5]
(µ+ ν)
∫
Cµ(z)Dν(z)dz
z
− (µ+ ν + 2n)
∫
Cµ+n(z)Dν+n(z)dz
z
=
Cµ(z)Dν(z) + 2
n−1∑
m=1
Cµ+m(z)Dν+m(z) + Cµ+n(z)Dν+n(z)
where C and D are arbitrary Bessel functions.
[238, 137,1]
(5.23)∫
Cn(z)Dn(z)dz
z
= − 1
2n
[
C0(z)D0(z) + 2
n−1∑
m=1
Cm(z)Dm(z) + Cn(z)Dn(z)
]
where C and D are arbitrary Bessel functions.
[238, 138]
(5.24) (µ+ 2)
∫
zµ+2C2ν(z)dz = (µ+ 1)
{
ν2 − 1
4
(µ+ 1)2
}∫
zµC2ν(z)dz
+
1
2
[
zµ+1
{
zC′ν(z)−
1
2
(µ+ 1)Cν(z)
}2
+ zµ+1
{
z2 − ν2 + 1
4
(µ+ 1)2
}
C2ν(z)
]
where C and D are arbitrary Bessel functions.
With [2, 10.121], then partial integration for a product of three spherical Bessel
functions
(5.25) (n+m+ l+ 2)
∫
jn(x)jm(x)jl(kx)dx = − (2n− 1) jn−1(x)jm(x)jl(kx)
+ (n− 3−m− l)
∫
jn−2(x)jm(x)jl(kx)dx + (2n− 1)
∫
jn−1(x)jm−1(x)jl(kx)dx
+ (2n− 1) k
∫
jn−1(x)jm(x)jl−1(kx)dx.
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(5.26)
∫
xJ1(x)dx =
π
2
x[J1(x)H0(x) − J0(x)H1(x)]
where H are Struve functions [2, §12].
[70]
(5.27)
1
2πi
∫
k−2ζ
Kµ+ζ(a)
aµ+ζ
Kν−ζ(b)
bν−ζ
dζ =
1
2
kµ−ν(
k + 1/k
a2k + b2/k
)(µ+ν)/2Kµ+ν(
√
(k + 1/k)(a2k + b2/k)).
5.6. Orthogonal Polynomials. [187]
(5.28)∫
ln(1±x)Pν(x)dx =
[
−x
ν
ln(1 ± x)± 1
ν(ν + 1)
− x
ν2
]
Pν+
[
1
ν
ln(1± x) + 1
ν2(ν + 1)
]
Pν+1.
where P are Legendre functions.
[187]
(5.29)∫
Pµ(x)P¯ν (x)dx = − x
1 + µ+ ν
Pµ(x)P¯ν (x)− 1 + ν
(µ− ν)(1 + µ+ ν)Pµ(x)P¯ν+1(x)
+
1 + µ
(µ− ν)(1 + µ+ ν)Pµ+1(x)P¯ν(x).
[187]
(5.30)∫
x[Pν(x)]
2dx = −1 + ν
2ν
[
x2 + ν
1 + ν
[Pν(x)]
2 − 2xPν(x)Pν+1(x) + [Pν+1(x)]2
]
.
[187]
(5.31)∫
[P1/2(x)]
2dx =
9
2
x[P3/2(x)]
2+
x(−7 + 16x2)
2
[P1/2(x)]
2−3(−1+2x)(1+2x)P1/2(x)P3/2(x).
[187]
(5.32)∫
[P3/2(x)]
2dx =
x(93− 480x2 + 512x4)
18
x[P3/2(x)]
2 +
25x(−3 + 8x2)
18
[P5/2(x)]
2
− 5
9
(3 − 42x2 + 64x4)P3/2(x)P5/2(x).
[187]
(5.33)
∫
x5P1/3(x)P2/3(x)dx = (−
335
2352
− 512x
2
392
+
235x4
336
+
x6
3
)P1/3(x)P2/3(x)
+ (
685x
784
− 573x
3
1176
− 5x
5
48
)P1/3(x)P5/3(x) + (
235x
196
− 295x
3
588
− 2x
5
21
)P2/3(x)P4/3(x)
+ (−5
6
+
65x2
196
+
25x4
588
)P4/3(x)P5/3(x).
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[187]
(5.34)∫
x[P1/3(x)]
3dx = (
125x4
12
− 14
3
x2− 5
12
)[P1/3(x)]
3+(−4+20x2)P1/3(x)[P4/3(x)]2
+ (9x− 25x3)[P1/3(x)]2P4/3(x) −
16
3
x[P4/3(x)]
3.
[187]
(5.35)
∫
x[P1/2(x)]
4dx = (− 5
16
− 19
4
x2)[P1/2(x)]
4 +
81
4
xP1/2(x)[P3/2(x)]
3
+6(− 9
16
−9
2
x2)[P1/2(x)]
2[P3/2(x)]
2+4(
33x
16
+3x3)[P1/2(x)]
3P3/2(x)−
81
16
[P3/2(x)]
4.
[187]
(5.36)
∫
xlPµ(x)Pν (x)dx = A00(x)Pµ(x)Pν(x) +A01(x)Pµ(x)Pν+1(x)
+A10(x)Pµ+1(x)Pν (x) +A11(x)Pµ+1(x)Pν+1(x),
[187]
(5.37)
∫
e−x
2
Hν(x)dx = −e−x
2
Hν−1(x).
[187]
(5.38)∫
Hν(x)x
−(ν+3)dx =
[
2x−ν
(ν + 1)(ν + 2)
− x
−(ν+2)
ν + 2
]
Hν(x)− 2ν
(ν + 1)(ν + 2)
x−(ν+1)Hν−1(x).
[187]
(5.39)
∫
xHν(x)dx =
1 + 2x2
2(ν + 2)
Hν(x) − νx
ν + 2
Hν−1(x).
[187]
(5.40)
∫
e−x
2
Hµ(x)H¯νdx =
e−x
2
2(µ− ν) [−Hµ(x)H¯ν+1(x) +Hµ+1(x)H¯ν (x)].
[187]
(5.41)∫
xe−x
2
Hµ(x)H¯νdx =
e−x
2
2
[− 1 + µ+ ν
(1− µ+ ν)(1 + µ− ν)Hµ(x)H¯ν+1(x)+
x
1 + µ− νHµ+1(x)H¯ν (x)
+
x
1− µ+ νHµ(x)H¯ν+1(x) −
1
(1− µ+ ν)(1 + µ− ν)Hµ+1(x)H¯ν+1(x)].
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[187]
(5.42)
∫
x2e−x
2
Hµ(x)H¯νdx = −e−x
2 Hµ(x)H¯ν (x)x(µ + ν)
(2 − µ+ ν)(2 + µ− ν)
+Hµ+1(x)H¯ν(x)
2 + µ+ 3ν + 2µx2 − 2νx2 − µ2x2 − ν2x2 + 2µνx2
2(µ− ν)(2 − µ+ ν)(2 + µ− ν)
+Hµ(x)H¯ν+1(x)
2 + 3µ+ ν − 2µx2 + 2νx2 − µ2x2 − ν2x2 + 2µνx2
2(µ− ν)(2 − µ+ ν)(2 + µ− ν)
−Hµ+1(x)H¯ν+1(x) x
(2 − µ+ ν)(2 + µ− ν) .
[187]
(5.43)∫
e−3x
2
x2H32/3(x)dx = e
−3x2[− 1
12
x(5+6x2)H32/3(x)+
1
8
(1+6x2)H22/3(x)H5/3(x)
− 3
8
xH2/3(x)H
2
5/3(x) +
1
16
H35/3(x)].
where H and H¯ are Hermite functions.
[187]
(5.44)
∫
xe−(ν+1)xLν(x)dx =
e−(ν+1)x
ν + 1
[−(1 + x)Lν(x) + Lν−1(x)].
[187]
(5.45)∫
x(1+x)−(ν+3)Lν(x)dx =
(1 + x)−(ν+1)
ν + 2
[(
x− ν
ν + 1
− x
1 + x
)
Lν(x) +
ν
ν + 1
Lν−1(x)
]
.
[187]
(5.46)∫
e−xLµ(x)L¯ν(x)dx = e−x[Lµ(x)L¯ν(x)+
1 + ν
µ− ν Lµ(x)L¯ν+1(x)−
1 + µ
µ− ν Lµ+1(x)L¯ν(x)].
[187]
(5.47)∫
xe−xLµ(x)L¯ν(x)dx = e−x[−1 + µ+ ν − x+ 2µν + µ
2x+ ν2x− 2µνx
(1− µ+ ν)(1 + µ− ν) Lµ(x)L¯ν(x)
+
(1 + ν)(1 + 2µ− µx+ νx)
(µ− ν)(1− µ+ ν) Lµ(x)L¯ν+1(x)−
(1 + µ)(1 + 2ν + µx− νx)
(µ− ν)(1 + µ− ν) Lµ+1(x)L¯ν(x)
− 2(1 + µ)(1 + ν)
(1− µ+ ν)(1 + µ− ν)Lµ+1(x)L¯ν+1(x)].
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[187]
(5.48)∫
e−3xxL32/3(x)dx = e
−3x
{
L32/3(x)[
125
24
− 625x
24
+
853x2
16
− 675x
3
16
+
225x4
16
− 27x
5
16
]
+L35/3(x)[−
125
24
+
125x
12
− 125x
2
16
]+ 3[
125
24
− 125x
8
+
275x2
16
− 75x
3
16
]L2/3(x)L
2
5/3(x)
+ 3[−125
24
+
125x
6
− 515x
2
16
+
135x3
8
− 45x
4
16
]L22/3(x)L5/3(x)
}
.
where L and L¯ are Laguerre functions.
6. Definite Integrals of Special Functions
6.1. Elliptic Integrals and Functions. [8]
(6.1)
1
2
∫ 1
0
K(x2)dx = G.
[8]
(6.2)
∫ 1
0
E(x2)dx = G+
1
2
.
[199]
(6.3)
∫ 1
0
K(k)√
1− k2 dk =
Γ4(14 )
16π
.
[199]
(6.4)
∫ 1
0
K ′(x)√
1 + x
dx =
1
2
[
Γ2(18 )Γ
2(38 )
16π
− 4F3(3
4
, 1, 1,
5
4
;
3
2
,
3
2
,
3
2
; 1)
]
.
[199]
(6.5)
∫ 1
0
K ′(x)√
1− xdx =
1
2
[
Γ2(18 )Γ
2(38 )
16π
+ 4F3(
3
4
, 1, 1,
5
4
;
3
2
,
3
2
,
3
2
; 1)
]
.
[199]
(6.6)
∫ 1
0
K ′(k)3dk = 3
∫ 2
0
K(k)2K ′(k)dk =
Γ8(14 )
128π2
.
[199]
(6.7)
∫ 1
0
K ′(k)3√
k(1− k2)3/4 dk =
3Γ8(14 )
32
√
2π2
.
[199]
(6.8)
∫ 1
0
E(k)K ′(k)2dk =
π3
12
+
Γ8(14 )
384π2
.
[199]
(6.9)
∫ 1
0
K(k)2√
1− k2 dk =
π3
4
4F3(
1
2
,
1
2
,
1
2
,
1
2
; 1, 1, 1; 1).
98 RICHARD J. MATHAR
[199]
(6.10)
∫ 1
0
K(k)2dk =
π4
32
7F6(
5
4
,
1
2
,
1
2
,
1
2
,
1
2
,
1
2
,
1
2
;
1
4
, 1, 1, 1, 1, 1; 1).
6.2. The Exponential Integral and Related Functions. [42]
(6.11)
∫ ∞
0
t2βe−3t
2
erf(t)dt =
Γ(1 + β)√
π3β+1
2F1(
1
2
, 1 + β;
3
2
;−1
3
).
6.3. The Gamma Function and Related Functions. [14][212, A075700]
(6.12)
∫ 1
0
ln Γ(t)dt =
1
2
ln 2π.
[14]
(6.13)
∫ 1
0
t ln Γ(t)dt =
ζ′(2)
2π2
+
1
6
ln 2π − γ
12
.
[14]
(6.14)
∫ ∞
0
2−t ln Γ(t)dt = 2
∫ 1
0
2−t ln Γ(t)dt− γ + ln ln 2
ln 2
.
[14]
(6.15)
∫ ∞
0
2−tt ln Γ(t)dt = 2
∫ 1
0
2−t(t+1) ln Γ(t)dt− (γ + ln ln 2)(1 + 2 ln 2)− 1
ln2 2
.
[91]
(6.16)
∫ 1
0
ln Γ(q) cos((2n+ 1)πq)dq
2
π2
(
γ + 2 ln
√
2π
(2n+ 1)2
+ 2
∞∑
k=1
ln k
4k2 − (2n+ 1)2
)
.
[91]
(6.17)
∫ 1
0
B2m(q) ln Γ(q)dq = (−)m+1 (2m)!ζ(2m+ 1)
2(2π)2m
.
[91]
(6.18)
∫ 1
0
B2m−1(q) ln Γ(q)dq =
B2m
2m
[
ζ′(2m)
ζ(2m)
−A
]
,
where A = 2 ln
√
2π + γ.
[91]
(6.19)
∫ 1
0
qn ln Γ(q)dq =
1
n+ 1
⌊(n+1)/2⌋∑
k=1
(−)k
(
n+ 1
2k − 1
)
(2k!)
k(2π)2k
[Aζ(2k) − ζ′(2k)]
− 1
n+ 1
⌊n/2⌋∑
k=1
(−)k
(
n+ 1
2k
)
(2k!)
2(2π)2k
ζ(2k + 1) +
ln
√
2π
n+ 1
,
where A = 2 ln
√
2π + γ.
[91]
(6.20)
∫ 1
0
(q − 1/2) lnΓ(q)dq = 1
12
(
6ζ′(2)
π2
− 2 ln
√
2π − γ
)
.
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[91]
(6.21)
∫ 1/2
0
ln Γ(q + 1)dq =
γ
8
+
3 ln
√
2π
4
− 13 ln 2
24
− 3ζ
′(2)
4π2
− 1
2
.
[91]
(6.22)∫ 1
0
qnψ(m)(q)dq = (−1)m n!
(n−m)!
[ γ
n−m+ 1+(n−m)!
m−2∑
k=0
Γ(m− k)ζ(m− k)
(n− k)!
+
n−m−1∑
k=0
(−)k
(
n−m
k
)
[Hkζ(−k) + ζ′(−k)]
]
,
where Hk are harmonic sums.
[91]
(6.23)
∫ 1
0
qnψ(q)dq = ζ′(0) +
n−1∑
k=1
(−)k
(
n
k
)
[Hkζ(−k) + ζ′(−k)],
where Hk are harmonic sums.
[20]
(6.24)
∫ ∞
0
tα+zψ(α+ z + 1)
Γ(α+ z + 1)
dz =
tα
Γ(α+ 1)
+ ν(t, α) ln t, ℜα > −1.
(6.25)
∫ ∞
0
ψ(α+ z + 1)
Γ(α+ z + 1)
dz =
1
Γ(α+ 1)
, ℜα > −1.
(6.26)
∫ ∞
1
ψ(z)
Γ(z)
dz = 1.
(6.27)
∫ ∞
0
tzψ(z + 1)
Γ(z + 1)
dz = 1 + ν(t) ln t, t 6= 1.
[20]
(6.28)∫ ∞
0
tα+z
Γ(α+ z + 1)
{ψ(α+z+1)2−ψ(1)(α+z+1)}dz = 2t
α ln t
Γ(α+ 1)
+(ln t)2ν(t, α)+L−1
{
ln s
sα+1
}
, ℜα > −1
where L−1 is the inverse Laplace transform.
(6.29)
∫ ∞
0
tz
Γ(z + 1)
{ψ(z + 1)2 − ψ(1)(z + 1)}dz = −γ + ln t(1 + ν(t) ln t).
(6.30)
∫ ∞
1
1
Γ(z)
{ψ(1)(z)− ψ(z)2}dz = γ.
(6.31)∫ ∞
0
tα+z
Γ(α+ z + 1)
{ψ(α+z+1)2−ψ(1)(α+z+1)}dz = t
α
Γ(α+ 1)
[ψ(α+1)+ln t]+(ln t)2ν(t, α).
(6.32)∫ ∞
0
tα+zzβ
Γ(α+ z + 1)
ψ(α+ z + 1)
Γ(β + 1)
dz = µ(t, β−1, α)+ln tµ(t, β, α), ℜα > −1,ℜβ > −1.
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(6.33)
∫ ∞
0
tα+zzβ
Γ(α+ z + 1)
ψ(α+ z + 1)2 − ψ(1)(α+ z + 1)
Γ(β + 1)
dz
= µ(t, β − 2, α) + 2 ln tµ(t, β − 1, α) + (ln t)2µ(t, β, α), ℜα > −1,ℜβ > 1.
[20] Let L{f(t)} ≡ ∫∞
0
e−stf(t)dt = F (s) be the Laplace transform and
(6.34) ν(z) ≡
∫ ∞
0
ztdt
Γ(t+ 1)
,
(6.35) ν(z, α) ≡
∫ ∞
0
zα+tdt
Γ(α+ t+ 1)
,
(6.36) µ(z, β) ≡
∫ ∞
0
zttβdt
Γ(β + 1)Γ(t+ 1)
,
(6.37) µ(z, β, α) ≡
∫ ∞
0
zα+ttβdt
Γ(β + 1)Γ(α+ t+ 1)
,
then
(6.38) L{ν(t)} = 1
s ln s
.
[20]
(6.39) L{ν(t, α)} = 1
s1+α ln s
.
[20]
(6.40) L{µ(t, β)} = 1
s(ln s)β+1
.
[20]
(6.41) L{µ(t, β, α)} = 1
sα+1(ln s)β+1
.
Above ℜα > −1, ℜβ > −1, ℜs > 1. [20]
(6.42)
F (ln s)
s ln s
= L{
∫ ∞
0
ν(t, x)f(x)dx}.
[20]
(6.43)
F (ln s)
sα+1 ln s
= L{
∫ ∞
0
ν(t, α + x)f(x)dx}.
[20]
(6.44)
F (ln s)
s(ln s)β+1
= L{
∫ ∞
0
µ(t, β, x)f(x)dx}.
[20]
(6.45)
F (ln s)
sα+1(ln s)β+1
= L{
∫ ∞
0
µ(t, β, α + x)f(x)dx}.
[20]
(6.46)
∫ ∞
0
xβ−1ν(t, α + x)dx = Γ(β)µ(t, β, α), ℜα > −1,ℜβ > 0.
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[20]
(6.47)
∫ ∞
0
xβ−1ν(t, x)dx = Γ(β)µ(t, β).
[20]
(6.48)
∫ ∞
0
ν(t, α+ x)dx = µ(t, 1, α).
[20]
(6.49)
∫ ∞
0
ν(t, x)dx = µ(t, 1).
[20]
(6.50)∫ ∞
0
tλ−1µ(t, β, α + x)dx = Γ(λ)µ(t, β + λ, α), ℜα > −1,ℜβ > −1,ℜλ > 0.
[20]
(6.51)
1
3π
∫ ∞
0
(
x
t
)1/2K1/2(φ)µ(x, β, α)dx = 3
β+1µ(t, β, α/3), φ ≡ 2(x3/27t)1/2,
and others,
6.4. Cylinder Functions. [176]
(6.52)
2π(−1)(n−m)/2
∫ ∞
0
dkJn+1(2πk)Jm(2πkr) = R
m
n (r) =
(n−m)/2∑
s=0
(−1)s
(
n− s
s
)(
n− 2s
(n−m)/2− s
)
rn−2s,
for n ≥ 0, 0 ≤ m ≤ n, n−m even.
[33]
(6.53)
∫ ∞
0
Jµ(ct sinφ)Jν(ct sinΦ)Kρ(ct cosφ cosΦ)dt = ...
[33]
∫ ∞
0
Jµ(ct sinφ sinΦ)Jν(ct cosφ sinΦ)Jρ(ct)dt =
Γ(1+µ+ν+ρ2 ) sin
µ φ cosµΦcosν φ sinν Φ
cµ+ν+1Γ(µ+ 1)Γ(ν + 1)Γ(1−µ−ν+ρ2 )
(6.54)
× 2F1(1 + µ+ ν − ρ
2
,
1 + µ+ ν + ρ
2
;µ+ 1; sin2 φ) 2F1(
1 + µ+ ν − ρ
2
,
1 + µ+ ν + ρ
2
; ν + 1; sin2Φ)
(6.55)
where φ and Φ are positive angles whose sum is acute.
6.4.1. Cylinder Functions combined with x and x2. [243]
(6.56)
∫ 1
0
xJν(λnx)Jν(λmx)dx =
1
2
{
(1− ν2/λ2n)J2ν (λn) + J ′2ν (λn)
}
δnm
for {λn} (n = 1, 2, · · · ) a sequence of succesive positive roots of the equation
xJ ′ν(x) +HJν(x) = 0, where H is a real number and ν ≥ −1.
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[151]
(6.57)
∫ 1
0
x2+l+2njl(2πσx)dx =
1
2πσ
n∑
k=0
(−n)k
(πσ)k
jl+k+1(2πσ); l, n = 0, 1, 2, 3, . . .
[182]
(6.58)
∫ ∞
0
k2jl(kr)jl(kr
′)dk =
πδ(r − r′)
2r2
.
[113, 162]
(6.59)
4p1p2p3
π
∫ ∞
0
x2j1(p1x)j2(p2x)j3(p3x)dx = ∆(p1, p2, p3)(−1)(l1+l2+l3)/2
× 1
2
l1∑
k1=0
l2∑
k2=0
l3∑
k3=0
(−1)k1+k2+k3
(k1 + k2 + k3)!
3∏
i=1
(li + ki)!
ki!(li − ki)! (2pi)
−ki
× [(−1)l1+k1(p2 + p3 − p1)k1+k2+k3 + (−1)l2+k2(p3 + p1 − p2)k1+k2+k3
+ (−1)l3+k3(p1 + p2 − p3)k1+k2+k3 − (p1 + p2 + p3)k1+k2+k3 ]
supposed that p1, p2 and p3 can be the sides of a plane triangle, that is where
∆(.) = 1 if they form a non-denerate triangle, ∆(.) = 1/2 if they form a degenerate
triangle, and ∆(.) = 0 otherwise.
(6.60)
∫ ∞
0
xj0(ax)j0(bx)j1(cx)dx =
π
8abc2
(c2 − (a− b)2)
for c > 0, a > 0, |c− a| < b < c+ a.
[124]
(6.61)∫ ∞
0
Jn1(k1ρ)Jn2(k2ρ)Jn3(k3ρ)ρdρ =
∆
6πA
[cos(n1α2−n2α1)+cos(n2α3−n3α2)+cos(n3α1−n1α3)]
if n1 + n2 + n3 = 0, ∆ as above, the area of the triangle of k1, k2 and k3 given by
2A = k1k3 sin θ13, and α three external angles in that triangle.
[21, 2.8.3]
(6.62)
∫ ∞
0
K0(x)
3dx =
π
2
[K2(e−iφa/2) +K2(eiφa/2)] ≈ 6.948822781079629789
where φa = π/3 and e
±iφa/2 =
√
3±i
2 with Complete Elliptic Integrals
(6.63) K(e−ipi/6) = K(
√
3− i
2
) =
π
2
2F1(1/2, 1/2; 1; e
−ipi/3)
≈ π
2
(0.98274143349164123997896661− 0.2633247734726891555758756i).
(6.64)
∫ ∞
0
xK0(x)
3dx ≈ 0.5859768.
(6.65)
∫ ∞
0
xK20 (x)K1(x)dx ≈ 2.31627.
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(6.66)
∫ ∞
0
x2K0(x)
2K1(x)dx ≈ 0.39065120.
Triple products of mixed Modified Bessel Functions of index 0 or 1 are covered
by Bailey’s formula [34, (3.2)]
(6.67)
∫ ∞
0
tλ−1Iµ(t)Kν(t)Kρ(t)dt
=
√
πΓ(λ+µ+ν−ρ2 )Γ(
λ+µ+ν+ρ
2 )Γ(
λ+µ−ν−ρ
2 )Γ(
λ+µ−ν+ρ
2 )
Γ(1 + µ)2µ+2Γ(λ+µ2 )Γ(
1+λ+µ
2 )
4F3(
λ+µ+ν−ρ
2 ,
λ+µ+ν+ρ
2 ,
λ+µ−ν−ρ
2 ,
λ+µ−ν+ρ
2
λ+µ
2 ,
1+λ+µ
2 , µ+ 1
| 1
4
).
Special cases are:
(6.68)∫ ∞
0
I0(x)K0(x)
2dx =
π2
4
3F2(
1/2, 1/2, 1/2
1, 1
| 1
4
) ≈ 2.554057858916278267;
where (inserting γ = 1/2, α = β = −1/4 in (9.91))
3F2(
1/2, 1/2, 1/2
1, 1
| 1
4
) = 2F
2
1 (
1/4, 1/4
1
| 1
4
) =
2√
3
[P−1/4(5/3)]2 ≈ 1.017408797592.
(6.69)
∫ ∞
0
I1(x)K0(x)
2dx =
1
4
3F2(
1, 1, 1
3/2, 2
| 1
4
) ≈ 0.2741556778080377394;
where (inserting γ = 1, α = β = −1/2 in (9.91))
3F2(
1, 1, 1
3/2, 2
| 1
4
) =
π2
9
(6.70)∫ ∞
0
I1(x)K0(x)K1(x)dx =
π2
16
3F2(
1/2, 1/2, 3/2
1, 2
| 1
4
) ≈ 0.6497774937995530258;
(6.71)
∫ ∞
0
xI0(x)K0(x)
2dx =
1
2
2π
33/2
≈ 0.6045997880780726168;
(6.72)∫ ∞
0
xI0(x)K0(x)K1(x)dx =
π2
8
3F2(
1/2, 1/2, 3/2
1, 1
| 1
4
) ≈ 1.374951395237058295;
(6.73)∫ ∞
0
xI1(x)K0(x)
2dx =
π2
64
3F2(
3/2, 3/2, 3/2
2, 2
| 1
4
) ≈ 0.1958449315578383236;
(6.74)
∫ ∞
0
xI1(x)K0(x)K1(x)dx =
1
4
2π
33/2
≈ 0.3022998940390363084;
(6.75)∫ ∞
0
xI1(x)K1(x)
2dx =
3π2
64
3F2(
1/2, 3/2, 5/2
2, 2
| 1
4
) ≈ 0.529328969879666946;
(6.76)∫ ∞
0
x2I0(x)K0(x)
2dx =
π2
32
3F2(
3/2, 3/2, 3/2
1, 2
| 1
4
) ≈ 0.4984666397189814584;
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(6.77)
∫ ∞
0
x2I0(x)K0(x)K1(x)dx =
1
2
2F1(
1, 2
3/2
| 1
4
) ≈ 0.7363998587187150779;
(6.78)∫ ∞
0
x2I0(x)K1(x)
2dx =
3π2
32
3F2(
1/2, 3/2, 5/2
1, 2
| 1
4
) ≈ 1.223640541156486728;
(6.79)
∫ ∞
0
x2I1(x)K0(x)
2dx =
1
6
2F1(
2, 2
5/2
| 1
4
) ≈ 0.263600141281284922;
(6.80)∫ ∞
0
x2I1(x)K0(x)K1(x)dx =
3π2
128
3F2(
3/2, 3/2, 5/2
2, 2
| 1
4
) ≈ 0.3471557856384098910;
(6.81)
∫ ∞
0
x2I1(x)K1(x)
2dx =
1
3
2F1(
1, 3
5/2
| 1
4
) ≈ 0.4727997174374301558.
6.4.2. Cylinder Functions and Rational Functions. [98]
(6.82)
∫ ∞
0
Jν(x)
x2 + a2
dx =
i
a
[S0,ν(ia−e−iνpi/2Kν(a)] = 1
a
[is0,ν(ia)+
π
2
sec
νπ
2
Iν(a)].
[217]
(6.83)
∫ ∞
0
x1−2nJν(ax)Jν(bx)
dx
x2 + c2
= (−1)nc−2n
{
Iν(bc)Kν(ac)
− 1
2
(
b
a
)ν
π
sinπν
n−1∑
p=0
(ac/2)2p
p!Γ(1− ν + p)
n−1−p∑
k=0
(bc/2)2k
k!Γ(1 + ν + k)
}
for 0 < b < a, ℜc > 0, ℜν > n − 1, n = 1, 2, . . .. For 0 < a < b, the arguments a
and b should be interchanged.
6.4.3. Cylinder Functions and Powers. [134, 138]
(6.84)∫ 1
0
xµJν(ax)dx = 2
µ Γ(
1
2 +
1
2µ+
1
2ν)
aµ+1Γ(ν2 +
1
2 − 12µ)
+a−µ {(µ+ ν − 1)Jν(a)Sµ−1,ν−1(a)− Jν−1(a)Sµ,ν(a)}
[a > 0,ℜ(µ+ ν) > −1].
(6.85)
∫ u
0
zνKν(x)dx =
2ν − 1
1 + 2ν
[(1 + 2ν)Γ(ν)u 1F2(1/2; 3/2, 1− ν;u2/4)
+ 2(u/2)1+2νΓ(−ν) 1F2(ν + 1/2; 1 + ν, 3/2 + ν;u2/4)].
[176]
(6.86)
∫ ∞
0
x−P [1− J0(bx)]dx = πb
P−1
2PΓ2(P+12 ) sin[π(P − 1)/2]
.
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[87, p 22]
(6.87)∫ 1
0
xµJν(xy)
√
xydx = y−µ−1
[
(ν+µ−1
2
)yJν(y)Sµ−1/2,ν−1(y)−yJν−1(y)Sµ+1/2,ν(y)
+ 2µ+1/2
Γ(µ2 +
ν
2 +
3
4 )
Γ(ν2 − µ2 + 14 )
]
for ℜ(µ+ ν) > −3/2.
[103] Let
(6.88) Iα,βν (x) ≡
∫ ∞
0
t2α−1(1 + t2)1−α−βJν(x
√
1 + t2)dt
then
(6.89) I
1,1/2
0 (x) =
1
x
− J0(x) + π
2
[J0(x)H1(x) − J1(x)H0(x)];
(6.90) I
1,1/2
1 (x) = J0(x)/x;
(6.91) I
1/2,1
1 (x) = x
−1 sinx;
(6.92) I
1/2,1/2
0 (x) = x
−1 cosx;
(6.93)
I
α,5/2−2α
1/2 (1) = −
√
π/8[J3/2−2α(1/2)Y1/2(1/2)+Y3/2−2α(1/2)Y1/2(1/2)], 1/2 < α < 1;
(6.94) I
1/2,3/2
0 (1) = −si(1);
(6.95) Iν−1/2,3/2−ν/2ν (x) =
Γ(ν − 1/2)
21+ν
√
x
x−ν sinx, 1/2 < ν < 5/2;
(6.96) Iν+1/2,1/2−ν/2ν (x) =
Γ(ν + 1/2)
2ν
√
x
x−ν−1 cosx, 1/2 < ν < 5/2;
(6.97) I1/2−ν,1+3ν/2ν (x) = −
√
π
2ν+1
Γ(1/2− ν)xνJν(x/2)Yν(x/2), |ν| < 1/2;
(6.98) I1,1/4ν (x) = x
−1/2[Jν−1(x)S1/2,ν(x) + (1/2− ν)Jν(x)S−1/2,ν−1(x)];
(6.99)
x
2ν
[Iα,βν−1(x) + I
α,β
1+ν ] = I
α,β+1/2
ν (x);
(6.100) x−ν [xνIα,βν (x)]
′ = Iα,β−1/2ν−1 (x);
(6.101) xν [x−νIα,βν (x)]
′ = −Iα,β−1/2ν+1 (x).
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[98]
(6.102)
∫ ∞
0
xρ−1Jν(ax)
(x2 + k2)µ+1
dx =
aνkρ+ν−2µ−2Γ(ρ/2 + ν/2)Γ(µ+ 1− ρ/2− ν/2)
2ν+1Γ(µ+ 1)Γ(ν + 1)
× 1F2
(
ρ+ ν
2
;
ρ+ ν
2
− µ, ν + 1; a
2k2
4
)
+
a2µ+2−ρΓ(ν/2 + ρ/2− µ− 1)
22µ+3−ρΓ(µ+ 2 + ν/2− ρ/2)
× 1F2
(
µ+ 1;µ+ 2 +
ν − ρ
2
, µ+ 2− ν + ρ
2
;
a2k2
4
)
, a > 0,−ℜν < ℜρ < 2ℜµ+7
2
,ℜk > 0.
[244]∫ ∞
0
Jn+1(k)Jn′+1(k)
k(k2 + k20)
1+γ2
dk =
kn+n
′−γ
0
Γ(γ−n−n
′
2 )Γ(
n+n′
2 + 1)
2n+n′+3Γ(n+ 2)Γ(n′ + 2)Γ(1 + γ/2)
× 3F4
(
n+n′
2 + 1,
n+n′
2 + 2,
n+n′+3
2
n+ 2, n′ + 2, n+ n′ + 3, 1 + n+n
′−γ
2
| k20
)
+
Γ(n+n
′−γ
2 )Γ(3 + γ)
23+γΓ(3 + γ+n+n
′
2 )Γ(2 +
γ+n−n′
2 )Γ(2 +
γ+n′−n
2 )
3F4
(
2 + γ2 , 1 +
γ
2 ,
3+γ
2
2 + γ+n−n
′
2 , 2 +
γ+n′−n
2 , 3 +
γ+n+n′
2 , 1 +
γ−n−n′
2
| k20
)
[147, p50]
(6.103)∫ ∞
0
Jν+n(at)Jν−n−1(bt)dt =


bν−n−1Γ(ν)
aν−nn!Γ(ν−n) 2F1(ν,−n; ν − n; b
2
a2 ), 0 < b < a,
(−1)n/(2a), 0 < b = a,
0, 0 < a < b.
where n = 0, 1, 2, . . ., ℜν > 0.
[147, p50]
(6.104)
∫ ∞
0
Jν(at)Jν+1(bt)dt =


aνb−ν−1, 0 < b < a
1/(2a), 0 < b = a
0, 0 < a < b
where a, b real positive, ℜν > −1.
[147, p50]
(6.105)
∫ ∞
0
Jµ(at)Jν(at)dt =
2
π
sin(ν−µ2 π)
ν2 − µ2 ,
ℜ(ν + µ) > 0, a > 0.
[176]
(6.106)∫ ∞
0
x−P
(
1− 4J
2
1 (x)
x2
)
dx =
πΓ(P + 2)
2PΓ2(P+32 )Γ(
P+5
2 )Γ(
P+1
2 ) sin[π(P − 1)/2]
.
[95]
(6.107)∫ ∞
0
tρ−µ−ν−3Jµ(at)Jν(bt)Jρ(ct)dt =
2ρ−µ−ν−3aµbνΓ(ρ− 1)
cρ−2Γ(µ+ 1)Γ(ν + 1)
(
1− ρ− 1
µ− 1
a2
c2
− ρ− 1
ν − 1
b2
c2
)
.
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[229] Let
(6.108) Glmn ≡
∫ ∞
0
dxxαJl(x)Jm(x)Jn(βx)
with ℜα < 3/2 and ℜ(α + l+m+ n+ 1) > 0, then for β/2 < 1
(6.109)
Glmn =
Γ(α+n)2 )(β/2)
−α
2Γ(−l+m+12 )Γ(
l−m+1
2 )Γ(
−α+n+2
2 )
4F3
(
l+m+1
2 ,
l−m+1
2 ,
−l−m+1
2 ,
−l+m+1
2−α+n+2
2 ,
1
2 ,
−α−n+2
2
| β2/4
)
− Γ(
l+m+2
2 )Γ(
α+n−1
2 )(β/2)
−α+1
Γ(−l+m2 )Γ(
l+m
2 )Γ(
l−m
2 )Γ(
−α+n+3
2 )
4F3
(
l+m+2
2 ,
l−m+2
2 ,
−l−m+2
2 ,
−l+m+2
2−α+n+3
2 ,
3
2 ,
−α−n+3
2
| β2/4
)
+
2α+nΓ(−α− n)Γ(α+l+m+n+12 )(β/2)n
Γ(−α−l+m−n+12 )Γ(
−α+l+m−n+1
2 )Γ(
−α+l−m−n+1
2 )Γ(n+ 1)
× 4F3
(
α+l+m+n+1
2 ,
α+l−m+n+1
2 ,
α−l−m+n+1
2 ,
α−l+m+n+1
2
n+ 1, n+α+22 ,
α+n+1
2
| β2/4
)
,
and for β/2 > 1
(6.110)
Glmn(α, β) =
2−l−m−1Γ(α+l+m+n+12 )(β/2)
−α−l−m−1
Γ(−α−l−m+n+12 )Γ(l + 1)Γ(m+ 1)
4F3
(
α+l+m+n+1
2 ,
l+m+1
2 ,
l+m+2
2 ,
α+l+m−n+1
2
m+ 1, l + 1,m+ l + 1
| 4/β2
)
In (6.109), any of the three terms on the right hand side for which any of the Γ-
functions in the denominator has a pole is to be interpreted as its limiting value of
zero (unless α is integer which may create a counter-balance in the numerator).
The case a = c = 1 in [111, 6.578.1] leads to the same expression
(6.111)
∫ ∞
0
xρ−1Jλ(x)Jν(x)Jµ(bx)dx =
2ρ−1bµΓ(λ+ν+µ+ρ2 )
Γ(ν + 1)Γ(µ+ 1)Γ(1− λ+µ−ν+ρ2 )
× F4
(
λ+ µ− ν + ρ
2
,
λ+ µ+ ν + ρ
2
;λ+ 1, µ+ 1; 1, b2
)
if the Apell series [111, 9.180.4] is inserted and one of the double sums summed by
the formula [2, 15.1.20] for the Gaussian Hypergeometric Function of unit argument.
[226]
(6.112)∫ ∞
0
t
(
t√
u2 + t2
− 1
)
J0(γt)dt =
u2
2
[I1(uγ/2)K1(uγ/2)− I0(uγ/2)K0(uγ/2)].
6.4.4. Cylinder Functions and Exponentials.
6.4.5. Cylinder Functions, Exponentials and Powers. With
l1(a, b, c) ≡ 1
2
[√
(a+ b)2 + c2 −
√
(a− b)2 + c2
]
l2(a, b, c) ≡ 1
2
[√
(a+ b)2 + c2 +
√
(a− b)2 + c2
]
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at a > 0, b > 0, c > 0 [95]
(6.113)∫ ∞
0
e−cxJ1(ax)J1/2(bx)
dx
x3/2
=
√
2√
πba
[
l1
2
√
a2 − l21 +
a2
2
sin−1(
l1
a
) + c(
√
b2 − l21 − b)
]
.
(6.114)
∫ ∞
0
e−cxJ1(ax)J1/2(bx)
dx√
x
=
√
2√
πba
(b −
√
b2 − l21).
(6.115)
∫ ∞
0
e−cxJ1(ax)J1/2(bx)
√
xdx =
√
2√
πba
l1
√
a2 − l21
l22 − l21
.
(6.116)
∫ ∞
0
e−cxJ1(ax)J3/2(bx)
√
xdx =
2l21
√
b2 − l21√
2πb3/2a(l22 − l21)
.
(6.117)∫ ∞
0
e−cxJ1(ax)J3/2(bx)
dx√
x
=
1√
2πb3/2a
(
−l1
√
a2 − l21 + a2 sin−1(l1/a)
)
.
(6.118)∫ ∞
0
e−cxJ1(ax)J5/2(bx)
dx√
x
=
2−1/2c√
πb5/2a
(
l1
√
a2 − l21 +
2a2l1√
a2 − l21
− 3a2 sin−1(l1/a)
)
.
and similar combinations of even and odd-indexed J(ax) and J(bx).
[9]
(6.119)
∫ ∞
0
xνe−x/2Jν(µx)L2νn (x)dx = 2
νΓ(ν +
1
2
)
1√
πµ
(sin θ)ν+
1
2C
ν+ 12
n (cos θ),
µ ≥ 0, ν > − 12 , cos θ ≡ µ
2−1/4
µ2+1/4 , C
λ
n(x) ultraspherical polynomial.
[179]
(6.120)
∫ ∞
0
xν+1
a2 + x2
Jν(xy)dx =
aν√
y
Kν(ay), 1 < ℜν < 3/2.
[179]
(6.121)∫ ∞
0
xν+1
(a2 + x2)µ
Jν(xy)dx =
21−µaν−µ+1yµ−1
Γ(µ)
Kν−µ+1(ay), ℜν > −1,ℜ(2µ−ν) > 1/2.
[179]
(6.122)
∫ ∞
0
x1−ν
(a2 + x2)µ
Jν(xy)dx = a
−µ−ν+1yµ−1
[
2−µ
Γ(1−mu)
1− ν Iν+µ−1(ay)
− 21− µ
Γ(ν)
e−i
pi
2 (ν−µ+1)s−µ+ν,−µ−ν+1(iay)
]
, ℜ(ν + 2µ) > 1/2.
[42]
(6.123)
∫ ∞
0
xβ−1e−xIn(x)dx =
∞∑
j=0
Γ(β + 2j + n)
22j+nj!(j + n)!
.
YET ANOTHER TABLE OF INTEGRALS 109
[42]
(6.124)∫ ∞
0
x2n+1e−x
2/4aI0(x)dx = 2
2n+1an+1n!eaLn(−a) = 22n+1an+1n! 1F1(n+ 1; 1; a).
(6.125)
∫ ∞
0
x3e−x
2/4aI0(x)dx = 8a
2(1 + a)ea.
[4]
(6.126)
∫ ∞
0
xe−x
2/zJ2(x)Y2(x)dx = − 2
π
+
4
πz
− zK2(z/2)
2π exp(z/2)
.
[4]
(6.127)
∫ ∞
0
xe−x
2/zI3(x)K3(x)dx = −32 + 16z + 3z
2
2z2
+
exp(z/2)zK3(z/2)
4
.
[4]
(6.128)∫ ∞
0
x3e−x
2/zJ2(x)Y2(x)dx = − 4
π
+
z2(2 + z)K0(z/2)
4π exp(z/2)
+
z(8 + 4z + z2)K1(z/2)
4π exp(z/2)
.
[4]
(6.129)∫ ∞
0
x5e−x
2/zI3(x)K3(x)dx = −32 + 1
8
ez/2z2(32− 16z + 5z2 − z3)K0(z/2)
+
1
8
ez/2z(128− 64z + 24z2 − 6z3 + z4)K1(z/2).
[83] Let
(6.130) I(µ, ν, λ) ≡
∫ ∞
0
Jµ(at)Jν(bt)e
−cttλdt,
then
(6.131) I(n, n; 0) =
(−)nk
π
√
ab
∫ pi/2
0
cos(2nψ)dψ√
1− k2 sin2 ψ
,
(6.132) I(n, n; 1) =
(−)nck3
4π(ab)3/2
∫ pi/2
0
cos(2nψ)dψ
(1− k2 sin2 ψ)3/2 ,
in particular
(6.133) I(0, 0; 0) =
k
2
√
ab
F0(k),
(6.134) I(1, 1; 0) =
1
k
√
ab
[(1 − k2/2)F0(k)− E0(k)],
(6.135) I(0, 0; 1) =
ck3E0(k)
8k′2(ab)3/2
,
and more results on I(n+ 1, n;±1) and I(n+1, n; 0) in terms of Elliptic Integrals.
Associated recurrences:
(6.136) a[I(µ+ 1, ν;λ) + I(µ− 1, ν;λ)] = 2µI(µ, ν;λ− 1);
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(6.137) b[I(µ, ν + 1;λ) + I(µ, ν − 1;λ)] = 2νI(µ, ν;λ− 1);
(6.138) aI(µ+1, ν;λ)−bI(µ, ν−1;λ) = Cµ,ν+(µ−ν+λ)I(µ, ν;λ−1)−cI(µ, ν;λ),
with
(6.139) Cµ,ν ≡
{
aµbν
2µ+νΓ(µ+1)Γ(ν+1) , if λ+ µ+ ν = 0;
0 if λ+ µ+ ν > 0.
[190]
(6.140)
∫ ∞
0
e−λλk−2Km(λ)Kn(z/λ)dλ
=
∑
n,−n
Γ(12 )Γ(k +m+ n)Γ(k −m+ n)
Γ(k + n+ 12 )2
k+1
Γ(n)z−n
× F (
3
4 − k2 − n2 , 14 − k2 − n2
1− n, 1− k2 − m2 − n2 , 1− k2 + m2 − n2 , 12 − k2 − m2 − n2 , 12 − k2 + m2 − n2
;
z2
4
)
+
∑
m,−m
Γ(−k
2
− m
2
+
n
2
)Γ(−k
2
− m
2
− n
2
)Γ(−m)2−m−3(z/2)m+k
× F (
3
4 +
m
2 ,
1
4 +
m
2
1 + k2 +
m
2 − n2 , 1 + k2 + m2 + n2 , 12 , 12 +m, 1 +m
;
z2
4
)
−
∑
m,−m
Γ(−k
2
− m
2
− n
2
− 1
2
)Γ(−k
2
− m
2
+
n
2
− 1
2
)Γ(−m)2−m−3(z/2)m+k+1
× F (
5
4 +
m
2 ,
3
4 +
m
2
3
2 +
k
2 +
m
2 − n2 , 32 + k2 + m2 + n2 , 32 , 1 +m, 32 +m
;
z2
4
),
where ℜz > 0.
[190]
(6.141)
∫ ∞
0
λk−1Kν(λ)Kµ(xλ−n)dλ = 2k−n−3π−nnk−1
×
∑
i,−i
1
i
E
{
∆(n;
k
2
+
ν
2
),∆(n;
k
2
− ν
2
),
µ
2
,−µ
2
, 1 ::
1
4
eipi(2n)−2nx2
}
,
if ℜ(k±ν+ n2 ) > 0, n a positive integer, x real and positive, where ∆(n;α) represents
the set of parameters α/n, (α+1)/n, . . . (α+n−1)/n, and where E is MacRobert’s
E-function.
[190]
(6.142)∫ ∞
0
λk−1Kν(λ)Kµ(xλn)dλ = −2k−n−2π2−nnk−1
∑
µ,−µ
cosecµπ
{
1
4
(2n)2nx2
}µ/2
× E
{
∆(n;
k + nµ+ ν
2
)∆(n;
k + nµ− ν
2
) : 1 + µ :
1
4
e±ipi(2n)−2nx−2
}
,
if ℜ(k ± ν + nµ) > 0, n a positive integer, x real and positive.
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6.4.6. Cylinder and Trigonometric Functions and Powers. [95]
(6.143)∫ ∞
0
sin(cx)xν−µ−4Jµ(ax)Jν(bx)dx =
Γ(ν)aµb−νc
2µ−ν+3Γ(µ+ 1)
(
b2
ν − 1 −
a2
µ+ 1
− 2c
2
3
)
.
[95]
(6.144)∫ ∞
0
cos(cx)xν−µ−3Jµ(ax)Jν(bx)dx =
Γ(ν)aµb−ν
2µ−ν+3Γ(µ+ 1)
(
b2
ν − 1 −
a2
µ+ 1
− 2c2
)
.
[201]
(6.145)
∫ ∞
0
J2n(a
√
t2 + 2bt)e−ptdt = (−1)n
{
eb(p−
√
p2+a2)√
p2 + a2
+
2ebp
a
×
n∑
k=1
(−)k(2k − 1)Ik−1/2[b(
√
p2 + a2 − a)/2)]Kk−1/2[b(
√
p2 + a2 + a)/2]
}
.
[201]
(6.146)∫ ∞
0
J2n(a
√
t2 + 2bt)e−ptdt = (−1)n
{
eb(p−
√
p2+a2)√
p2 + a2
+2n
n∑
λ=1
(n− 1 + λ)!
λ!(n− λ)!
1
b2λ−1a2λ
×
λ−1∑
µ=0
(2λ− 2− µ)!
µ!(λ − 1− µ)! (2b
√
p2 + a2)µ
(
eb(p−
√
p2+a2) −
2λ−2−µ∑
ν=0
[b(p−
√
p2 + a2)]ν
ν!
)}
.
[42]
(6.147)
∫ ∞
0
xβ−1e−xI0(2
√
ax)dx =
∞∑
k=0
ak
k!2
Γ(β + k).
7. Definite Integrals of Special Functions II.
7.1. Associated Legendre Functions and Powers. [194]
∫ 1
−1
P−αl+α(x)P
−β
k+β(x)(1 − x2)−p−1dx = 2−(α+β)
× Γ[
1
2 (k + 1)]Γ(− 12k − β)Γ[ 12 (α+ β)− p]Γ[ 12 (α− β − p)]Γ[ 12 (l − k)]Γ[ 12 (l + k + 1) + β]
Γ(β + 1)Γ(−β)Γ(α+ 1)Γ(− 12k)Γ[ 12 (k + 1) + β]Γ[ 12 (l − k + α− β)− p]Γ[ 12 (l + k + α+ β + 1)− p]
× 4F3
(
1
2 (α− β) + p+ 1, 12 (α− β) − p, − 12 (l − 1), − 12 l
1
2 (k − l) + 1, − 12 (l + k − 1)− β, α+ 1
; 1
)
for ℜ[ 12 (α+ β)− p] > 0, for k, l both even or both odd.
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[194]
(7.1)
∫ 1
−1
Pml (x)P
n
k (x)(1 − x2)−p−1dx = (−1)(l−k+m−n)/22−(m+n)
× (l +m)!Γ[
1
2 (m+ n)− p]Γ[ 12 (m− n)− p]Γ[ 12 (l + k + 1−m+ n)]
(l −m)!m![ 12 (k − l +m− n)]!Γ[ 12 (l − k)− p]Γ[ 12 (l + k + 1)− p]
× 4F3
(
1
2 (m− n) + p+ 1, 12 (m− n)− p, − 12 (l −m− 1), − 12 (l −m)
1
2 (k − l +m− n) + 1, − 12 (l + k − 1−m+ n), m+ 1
; 1
)
for ℜ[ 12 (m+ n)− p] > 0, for k − n ≥ l−m.
[194]
(7.2)
∫ 1
−1
Pml (x)P
m
k (x)(1 − x2)−1dx =
1
m
(l +m)!
(l −m)! , k ≥ l ≥ m > 0.
[194]∫ 1
−1
Pml (x)P
m
k (x)(1 − x2)−2dx =
(l +m)!
2(l −m)!(m− 1)m(m+ 1)
× [l(l + 1) + (m− 1)(m+ 1) + 1
2
(k − l)(m+ 1)(k + l + 1)], k ≥ l ≥ m > 1.
[194]
(7.3)
∫ 1
−1
Pml (x)P
m
k (x) =
2
2l+ 1
(l +m)!
(l −m)!δkl
[194]∫ 1
−1
Pml (x)P
m
k (x)(1 − x2)dx =
(−1)(k−l)/2 (l +m)![l(l + 1) + (m− 1)(m+ 1) +
1
2 (k − l)(m+ 1)(k + l+ 1)]
(l −m)![ 12 (k − l) + 1]!Γ[ 12 (l − k) + 2](k + l − 1)(k + l + 1)(k + l + 3)
for k ≥ l ≥ m ≥ 0, zero for k − l ≥ 4.
7.2. Associated Legendre functions, powers, and trigonometric functions.
[32]
(7.4)
∫ z
0
Pn[cos(z − t)]P−mn (cos t)
dt
sin t
=
P−mn (cos z
m
, ℜm > 0.
(7.5)∫ z
0
sinm tPn−m−1[cos(z−t)]P−mn (cos t)dt =
Γ(m+ 1/2)
21/2Γ(m+ 1)
sinm+1/2 zP
−m−1/2
n−1/2 (cos z), ℜm > −1/2.
(7.6)∫ z
0
sinm+1 tPn−m−2[cos(z−t)]P−mn (cos t)dt =
Γ(m+ 3/2)
21/2Γ(m+ 2)
sinm+3/2 zP
−m−1/2
n−1/2 (cos z), ℜm > −1.
(7.7)∫ z
0
sin−1−k t sink(z−t)P−mn (cos t)P−kn [cos(z−t)] =
2kΓ(m− k)Γ(k + 1/2)√
πΓ(k +m+ 1)
sink zP−mn (cos z), ℜm > ℜk > −1/2
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(7.8)∫ z
0
sinm t sin−m(z−t)P−mn (cos t)Pmn−1[cos(z−t)] =
sin[(m+ n)z]
(m+ n) cosmπ
, −1/2 < ℜm < 1/2.
(7.9)∫ z
0
P−mn+1(cos t) sin[n(z−t)]dt = 23/2 sin1/2 z
∞∑
r=0
(−1)r(m+ n+ 2)2r(3/2)rΓ(m+ r + 3/2)
r!Γ(m+ r + 1)
× m+ 2r + 3/2
(m+ 2r + 1)(m+ 2r + 2)
P
−(m+3/2+2r)
n−1/2 (cos z).
[175]
(7.10)
∫ pi
0
dθ sin|m|+1 θ exp(±iR cos θ)P |m|n (cos θ) = 2(±i)n+|m|
(n+ |m|)!
(n− |m|)!
jn(R)
R|m|
.
[175, (23)]
(7.11)∫ pi
0
dθ sin θ exp(iR cosα cos θ)Pmn (cos θ)Jm(R sinα sin θ) = 2i
n−mPmn (cosα)jn(R).
[19, §11.4,13][149]
(7.12)
∫ ∞
0
e−c
2x2H2m(ax)H2k(bx)dx =
(−)m+k22m+2k−1Γ(m+ 1/2)Γ(k + 1/2)
πc2m+2k+1
(c2−a2)m(c2−b2)k 2F1(−m,−k; 1
2
;
a2b2
(c2 − a2)(c2 − b2 ),
c2 − a2 − b2 > 0.
[19, §11.4,14]
(7.13)∫ ∞
0
e−c
2x2H2m+1(ax)H2k+1(bx)dx = (−)m+k22m+2k+1Γ(m+ 3/2)Γ(k + 3/2)
Γ(3/2)
× ab(c
2 − a2)m(c2 − b2)k
c2m+2k+3
2F1(−m,−k; 3
2
;
a2b2
(c2 − a2)(c2 − b2 ).
[19, §11.4,11]
(7.14)
∫ ∞
−∞
e−2x
2
[Hn(x)]
2
dx = 2n−1/2Γ(n+ 1/2).
[19, §11.4,20]
(7.15)∫ ∞
−∞
e−(a
2+b2)x2H2m(ax)H2k(bx)dx = (−)m+k22(m+k)Γ(m+k+1
2
)
a2kb2m
(a2 + b2)m+k+1/2
.
[19, §11.4,21]
(7.16)∫ ∞
−∞
e−(a
2+b2)x2H2m+1(ax)H2k+1(bx)dx = (−)m+k22(m+k+1)Γ(m+k+3
2
)
a2k+1b2m+1
(a2 + b2)m+k+3/2
.
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[135]
(7.17)∫ ∞
0
xν+1e−αx
2
Lν−σm (αx
2)Lσn(αx
2)Jν(xy)dx =
(−1)m+n
2α
( y
2α
)ν
exp
(
− y
2
4α
)
Lσ−m+nm (
y2
4α
)Lν−σ+m−nn (
y2
4α
),
for y > 0, ℜα > 0, Reν > −1.
(7.18)∫ ∞
0
x(α+β)/2e−xLαm(x)L
β
n(x)Jα+β(2
√
ax)dx = (−1)m+na(α+β)/2Lβ−m+nm (a)Lα+m−nn (a); ℜ(α+β) > −1.
7.3. Hypergeometric Functions. [88, p 238]
(7.19)
1
Γ(2λ+ 2ν)
∫ ∞
0
dte−ptt2λ+2ν−1 1F2(ν;λ+ν, λ+ν+
1
2
;−1
4
a2t2) =
1
p2λ
1
(p2 + a2)ν
; ℜ(λ+ν) > 0.
previous formula at λ = 0 with [2, 9.1.69] gives [111, 6.623.1]
(7.20)
1
Γ(2ν)
∫ ∞
0
dte−ptt2ν−1 0F1(; ν+
1
2
;−1
4
a2t2) =
Γ(ν + 1/2)
Γ(2ν)
(a
2
)1/2−ν ∫ ∞
0
e−pttν−1/2Jν−1/2(at)
=
1
(p2 + a2)ν
; ℜ(ν) > 0.
[159]
(7.21)∫ ∞
0
J2µ(ωρ) 3F2
(
3/2, (σ + ν)/2, (σ − ν)/2
1− µ, 1 + µ | −4ω
2
)
ωdω = − µρ
σ−2Kν(ρ)
2σ−1Γ[(σ + ν)/2]Γ[(σ − ν)/2]
for ℜσ > 1 + |ℜν|, µ = l+ 1/2 with l ∈ N, ℜ(σ + ν) > 0, ℜρ > 0.
[159]
(7.22)∫ ∞
0
J2µ(ωρ)Jµ+1(ωρ) 3F2
(
3/2, (σ + ν)/2, (σ − ν)/2
1− µ, 2 + µ | −4ω
2
)
ω2dω = − µ(µ+ 1)ρ
σ−3Kν(ρ)
2σ−1Γ[(σ + ν)/2]Γ[(σ − ν)/2]
for ℜσ > 2 + |ℜν|, µ = l+ 1/2 with l ∈ N, ℜ(σ + ν) > 0, ℜρ > 0.
8. Special Functions
8.1. The exponential integral and related functions. [38] If
(8.1)
∫ x
0
sinu
u
du =
π
2
− r cos(x− θ);
∫ x
0
1− cosu
u
du = γ + log x− r sin(x− θ)
then
(8.2)
r cos θ ∼
∑
k≥0
(−)k(2k)!
x2k+1
; r sin θ ∼
∑
k≥1
(−)k+1(2k − 1)!
x2k
; r ∼
∑
k≥1
(−)k+1(2k − 1)!
kx2k
for x→∞.
8.2. The error function and Fresnel integrals. [42]
(8.3) 2
√
πeb
2
erf(b) =
∞∑
j=0
j!b2j+1
(2j + 1)!22j+2
.
YET ANOTHER TABLE OF INTEGRALS 115
8.3. The gamma function.
(8.4)
1
a+ r
=
1
a
(a)r
(a+ 1)r
.
[211, 2.2.3.1]
(8.5) (a)m−r =
(−1)r(a)m
(1− a−m)r .
[211, (2.4.5.2.)][79, 202]
(8.6) (a)2r = (a/2)r(
a+ 1
2
)r2
2r; (a)qr = (a/q)r(
a+ 1
q
)r · · · (a+ q − 1
q
)rq
qr
(8.7) Γ(n+ 1− k) = (−1)
kΓ(n+ 1)
(−n)k .
[211, (I.4)]
(8.8) (a+ kn)n =
(a)(k+1)n
(a)kn
.
[211, (I.6)]
(8.9) (a− kn)n = (−1)
n(1 − a)kn
(1− a)(k−1)n
.
[211, (I.9)][202]
(8.10) (a)N−n =
(−1)n(a)N
(1− a−N)n .
[211, (I.11)]
(8.11) (a+ kn)N−n =
(a)N (a+N)(k−1)n
(a)kn
.
[211, (I.13)]
(8.12) (a− kn)N−n = (−1)
n(a)N (1− a)kn
(1 − a−N)(k+1)n
.
[85, (§1.2)]
(8.13)
Γ(n+ 12 + z)Γ(n+
1
2 − z)
Γ2(n+ 12 )
=
1
cos(πz)
n∏
l=1
[
1− 4z
2
(2l − 1)2
]
,
for n = 1, 2, 3, . . ..
[233][212, A073006]
(8.14) Γ(2/3) =
2π√
3
1
Γ(1/3)
.
[233][212, A068465]
(8.15) Γ(3/4) = π
√
2
1
Γ(1/4)
.
[233][212, A175379]
(8.16) Γ(1/6) =
√
3√
π21/3
Γ2(1/3).
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[233]
(8.17) Γ(3/5) =
π
√
2
√
φ∗√
5
1
Γ(2/5)
,
where φ∗ = 5−√5.
[233][212, A203145]
(8.18) Γ(5/6) =
π3/224/3√
3
1
Γ2(1/3)
.
[233]
(8.19) Γ(4/5) =
π
√
2
√
φ√
5
1
Γ(1/5)
,
where φ = 5 +
√
5.
[233][212, A203143]
(8.20) Γ(3/8) =
√
π
√√
2− 1Γ(1/8)
Γ(1/4)
.
[233][212, A203144]
(8.21) Γ(5/8) =
√
π23/4
Γ(1/4)
Γ(1/8)
.
[233][212, A203146]
(8.22) Γ(7/8) = π23/4
√√
2 + 1
1
Γ(1/8)
.
[233]
(8.23) Γ(1/10) =
√
φ√
π27/10
Γ(1/5)Γ(2/5),
where φ = 5 +
√
5.
[233]
(8.24) Γ(3/10) =
√
πφ∗
23/5
√
5
Γ(1/5)
Γ(2/5)
,
where φ∗ = 5−√5.
[233]
(8.25) Γ(7/10) =
√
π23/5
Γ(2/5)
Γ(1/5)
.
[233]
(8.26) Γ(9/10) =
π3/227/10
√
φ√
5
1
Γ(2/5)Γ(1/5)
.
[233]
(8.27) Γ(1/12) =
33/8
√√
3 + 1√
π21/4
Γ(1/3)Γ(1/4).
[233]
(8.28) Γ(5/12) =
√
π21/4
√√
3− 1
31/8
Γ(1/4)
Γ(1/3)
.
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[191]
(8.29) Γ(
−ν − l
n
) . . .Γ(
−ν − l + n− 1
n
) = (−)l−1 (2π)
(n−1)/2n1/2+ν+lπ
Γ(ν + l + 1) sin νπ
[191]
(8.30) Γ(
−l
n
) . . .Γ(− 1
n
)Γ(
1
n
) . . .Γ(
−l+ n− 1
n
) = (−)l (2π)
(n−1)/2nl−1/2
Γ(l + 1)
[200]
(8.31)
(N +
1
2
,K)(N +
1
2
, L) =
min(N,K+L)∑
j=max(K,L)
(
2j −K − L
j −K
)
(j +
1
2
,K + L− j)(N + 1
2
, j),
where (n+ 12 , j) =
(n+j)!
j!(n−j)! is Hankel’s symbol.
[200]
(8.32)
(−)N (N +
1
2 ,K)(N +
1
2 , L)(
K+L
K
) = min(N,K+L)∑
j=max(K,L)
(−)j
(
2j −K − L
j −K
)
(j + 1/2,K + L− j)(N + 1/2, j)(
K+L
j
) ,
where (n+ 12 , j) =
(n+j)!
j!(n−j)! is Hankel’s symbol.
[127]
(8.33) log
Γ(z + 1/2)√
zΓ(z)
= −
k∑
r=1
(1 − 2−2r)B2r
r(2r − 1)z2r−1 +O(z
−2k+1/2).
[127]
(8.34) log
Γ(z + 3/4)√
zΓ(z + 1/4)
= −
k∑
r=1
E2r
4r(4z)2r
+O(z−2k+1/2).
[127]
(8.35)
1
z
[
Γ(z + 3/4)
Γ(z + 1/4)
]2
= 1 +
2u
1+
9u
1+
25u
1+
49u
1+
· · ·
where u = 1/(64z2).
[60] Let 1/G(z) be the reciprocal of the double Gamma function,
(8.36) Γ(1) = G(1) = 1; G(z + 1) = Γ(z)G(z).
Let A ≈ 1.28242713 be Glaisher’s (Kinkelin’s) constant. Then there is a Stirling
formula
(8.37)
logG(x+a+1) =
x+ a
2
log(2π)−logA+ 1
12
−3x
2
4
−ax+(x
2
2
− 1
12
+
a2
2
+ax) log x+O(1/x), x→∞.
Let G ≈ 0.91596 be the Catalan constant. Then
(8.38) G(3/4) = 2−1/8π−1/4eG/2piΓ(1/4)G(1/4).
The duplication formula is
(8.39) G(a)G2(a+ 1/2)G(a+ 1) = e1/4A−32−2a
2+3a−11/12πa−1/2G(2a).
118 RICHARD J. MATHAR
[60]
(8.40) G(1/4) = e3/32−G/4piA−9/8Γ−3/4(
1
4
).
[60]
(8.41) G(3/4) = 2−1/8π−1/4e3/32+G/4piA−9/8Γ1/4(
1
4
).
[60]
(8.42)
d
dz
logG(z) =
1 + log(2π)
2
− z + (z − 1)ψ(z).
8.4. The psi function ψ. [173]
(8.43) − ψ(a/q)− γ = log(q)−
q−1∑
b=1
ζ−baq log(1− ζbq),
where ζq is the primitive qth root of unity, e
2pii/q.
[8]
(8.44)
∞∑
k=0
(−1)k
2k + 1
[ψ(k + 1) + γ] = G− π
2
log 2.
[8]
(8.45)
∞∑
k=0
(−1)k
2k + 1
[ψ(k + 3/2) + γ] = G− π
4
log 2.
[8]
(8.46)
(−1)n
qn(n− 1)!
q−1∑
k=1
e2piikp/qψn−1(k/q) = Lin(e2piip/q)− ζ(n)
qn
.
[8]
(8.47)
1
4
∞∑
k=0
2kk!2
(2k + 1)!
[ψ(k + 3/2) + γ] = G− π
4
log 2.
[8]
(8.48) q
q−1∑
k=0
Li2(e
2piik/qt) = Li2(t
q).
8.5. Bessel Functions and Functions Associated with Them.
8.6. Integral representations of the functions Jν and Nν. [222, La. 4.13]
(8.49) Jµ+ν+1(t) =
tν+1
2νΓ(ν + 1)
∫ 1
0
Jµ(ts)s
µ+1(1− s2)νds.
[86, 7.2.7][143][2, 9.1.14]
(8.50)
Γ(ν + 1)Γ(µ+ 1)Jν(z)Jµ(z) = (z/2)
ν+µ
2F3
(
1+ν+µ
2 , 1 +
ν+µ
2
1 + ν, 1 + µ, 1 + ν + µ
| −z2
)
.
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Special case of this:
(8.51) Γ2(ν + 1)J2ν (z) = (z/2)
2ν
1F2
(
ν + 1/2
1 + ν, 1 + 2ν
| −z2
)
.
Neumann’s expansion of the previous equation [2, 9.1.86]
(8.52) J2ν (z) = (z/2)
2ν
∑
k≥0
a2kJ2k(z)
where
(8.53) a2(ν) = 2
ν2 − 1
Γ2(ν + 2)
; a4(ν) = 2
(ν + 2)(ν3 − 4ν2 + 5ν + 22)
Γ2(ν + 3)
;
a6(ν) = 2
(ν + 2)(ν + 3)(ν4 − 11ν3 + 53ν2 − 13ν − 654)
Γ2(ν + 4)
;
a8(ν) = 2
(ν + 3)(ν + 4)(ν6 − 19ν5 + 163ν4 − 385ν3 − 3836ν2 + 18764ν + 56592)
Γ2(ν + 5)
;
This shows quickly increasing a2k as k grows because the expansion tries to ap-
proximate the positive J2ν by a series of oscillating functions.
[30]
(8.54)
z
2
Jµ(z cosφ cosΦ)Jν(z sinφ sinΦ) = (cosφ cosΦ)
µ(sinφ sinΦ)ν
×
∞∑
n=0
(−1)n(µ+ ν + 2n+ 1)Jµ+ν+2n+1(z)Γ(µ+ ν + n+ 1)Γ(ν + n+ 1)
n!Γ(µ+ n+ 1)Γ2(ν + 1)
× F (−n, µ+ ν + n+ 1; ν + 1; sin2 φ)F (−n, µ+ ν + n+ 1; ν + 1; sin2Φ),
where ν and µ are not negative integers.
[78]
(8.55) Jµ(Xz)Jν(xz) =
Xµxν
π
∫ pi/2
−pi/2
ei(µ−ν)θ(λ1/λ2)µ+νJµ+ν(zλ1λ2)dθ
where λ1 = +
√
(eiθ + e−iθ), λ2 = (X2eiθ + x2e−iθ)1/2.
[70]
(8.56)
Km(a)Kn(b) =
∫ ∞
−∞
e−u(m−n)
(
aeu + be−u
ae−u + beu
)m+n
2
Km+n(
√
(aeu + be−u)(ae−u + beu))du
[86, p 99]
(z/2)γ−µ−ν Jµ(αz)Jν(βz) =
αµβν
Γ(µ+ 1)Γ(ν + 1)
∞∑
m=0
(γ + 2m)Γ(γ +m)
m!
(8.57)
×F4(−m, γ +m;µ+ 1, ν + 1;α2, β2)Jγ+2m(z)
=
αµβν
Γ(ν + 1)
∞∑
m=0
(γ + 2m)Jγ+2m(z)
∞∑
n=0
(−1)nΓ(γ +m+ n)α2n
n!(m− n)!Γ2(n+ µ+ 1) 2F1(−n,−n− µ; ν + 1;
β2
α2
).
(8.58)
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Application of [97, (3.5)] to [2, (9.1.14)]
(8.59) Jρ(cz)Jν(z)Jµ(z) =
cρ(z/2)ν+µ+ρ
Γ(ρ+ 1)Γ(ν + 1)Γ(µ+ 1)
∑
n≥0
(−c2z2/4)n
(ρ+ 1)nn!
× 4F3
(
−n,−n− ρ, 1 + ν + µ
2
,
1 + ν + µ
2
; ν + 1, µ+ 1, ν + µ+ 1;
4
c2
)
.
[39]
(8.60) x−αIα(2
√
x) =
∞∑
r=0
xr
r!Γ(r + α+ 1)
.
[39][212, A002426]
(8.61) exp(t)I0(2t) =
∞∑
n=0
tn
n!
cn; cn ≡
[n/2]∑
k=0
n!
(k!)2(n− 2k)! = i
n
√
3nPn
(
− i√
3
)
.
[39]
(8.62)
exp(yt) exp(xt2)−α/2Iα(2t
√
x) =
∞∑
n=0
tn
n!
Παn(x, y); Π
α
n(x, y) ≡ n!
[n/2]∑
k=0
xkyn−2k
(n− 2k)!k!Γ(k + α+ 1) .
(8.63)
exp(t)
t
I1(t) =
∞∑
n=0
tn
n!
Π1n(1, 1).
[175]
(8.64) js(R) =
Rs
2s+1s!
∫ pi
0
dθ sin θ cos(R cos θ)(sin θ)2s.
[212, A122848]
ds
dts
tνZν(t) =
s∑
l=⌊(s+1)/2⌋
αl,st
ν−(s−l)Zν−l(t).(8.65)
ds
dts
tνKν(t) = (−)s
s∑
l=⌊(s+1)/2⌋
αl,st
ν−(s−l)Kν−l(t)(8.66)
with Bessel polynomial coefficients [117]
αl,s =
s!
(s− l)!(2l− s)!2s−l .
[200]
(8.67)
n∑
k=1
2k − 1√
π
Kk−1/2(x)Kk−1/2(y) =
n∑
k=1
n(n− 1 + k)!
k!(n− k)!
(
x+ y
2xy
)k−1/2
Kk−1/2(x+ y).
[200]
(8.68)
1√
π
Kn+1/2(x)Kn+1/2(y) =
n∑
µ=0
(n+ µ)!
µ!(n− µ)!
(
x+ y
2xy
)µ+1/2
Kk+1/2(x + y).
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[104]
(8.69)
∞∑
n=1
(−1)nJ2m(nπ)
a2 − n2 =
πJ2m(aπ)
2a sinaπ
.
[104]
(8.70)
∞∑
n=1
(−1)nnJ2m−1(nπ)
a2 − n2 =
πJ2m−1(aπ)
2 sinaπ
.
[205]
(8.71) zm[Kν+m(z)−Kν−m(z)] =
m−1∑
j=0
(−)m−j−1bm(j)zjKν+j(z),
(8.72) zm[Iν−m(z)− Iν+m(z)] =
m−1∑
j=0
bm(j)z
jIν+j(z),
(8.73) zm[Jν−m(z)− (−1)mIν−m(z)] =
m−1∑
j=0
bm(j)(−z)jJν+j(z),
with m = 1, 2, 3, . . . . and
bm(j) = 2
m−j
(
m
j
)
ν(ν − 1) · · · (ν + j −m+ 1) = Γ(ν + 1)
2m−j
(
m
j
)
Γ(ν + j −m+ 1) .
[86, §7.10.1]
(8.74) f(z) =
1
zν
∞∑
n=0
anJν+n(z); an = (ν + n)2
ν+n
⌊n/2⌋∑
s=0
Γ(ν + n− s)
s!22s
bn−2s,
where f(z) =
∑∞
n=0 bnz
n.
[86, §7.10.1]
(8.75) f(z) =
1
zν
∞∑
n=0
anz
nJν+n(z); an =
n∑
s=0
Γ(ν + s+ 1)
(n− s)! 2
2s−n+νbs,
(8.76) Γ(ν + n+ 1)bn =
∞∑
s=0
(−1)s2−ν−n−s an−s
s!
.
where f(z) =
∑∞
l=0 blz
2l.
[31]
(8.77)
[z2n]
1
z2ν
∞∑
r=0
ArJ
2
ν+r(z) =
(−)nΓ(ν + n+ 1/2)
n!
√
πΓ(2ν + n+ 1)Γ(ν + n+ 1)
n∑
r=0
Ar(−n)r
(2ν + n+ 1)r
.
[31]
(8.78)
1
z2ν
∞∑
r=0
(2ν)r(ν + 1)r(a3)r(a4)r
r!(ν)r(1 + 2ν − a3)r(1 + 2ν − a4)r J
2
ν+r(z) =
1
4νΓ2(1 + ν)
2F3
(
ν + 1/2, 1 + 2ν − a3 − a4
ν + 1, 1 + 2ν − a3, 1 + 2ν − a4 | −z
2
)
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[31]
(8.79) zνJν(2z) =
2
√
π
Γ(ν + 1/2)
∞∑
r=0
(−)r(ν + r)Γ(2ν + r)
r!
J2ν+r(z).
[31]
(8.80) z−1/2J2ν+1/2(2z) = −
Γ(ν + 1)
Γ(ν + 1/2)
∞∑
r=0
(ν + r)
Γ(2ν + r)Γ(r − 1/2)
r!Γ(2ν + r + 3/2)
J2ν+r(z).
[31]
(8.81)
[z2n]
1
z2ν
∞∑
r=0
ArJ
2
ν+2r(z) =
(−)nΓ(ν + n+ 1/2)
n!
√
πΓ(2ν + n+ 1)Γ(ν + n+ 1)
n∑
r=0
Ar(−n)2r
(2ν + n+ 1)2r
.
[31]
(8.82)
1
z2ν
∞∑
r=0
(ν)r(1 + ν/2)r(a3)r
r!(ν/2)r(1 + ν − a3)r J
2
ν+2r(z) =
1
4νΓ2(1 + ν)
1F2
(
1/2 + ν − a3
ν + 1, 1 + 2ν − 2a3, | −z
2
)
.
[31]
(8.83)
Jλ(2z sin
1
2φ)
(2z sin 12φ)
λ−2ν =
∞∑
n=0
21−λ+2ν
√
πΓ(ν + 1)
n!Γ(ν + 1/2)Γ(λ+ 1)
sin2ν
1
2
φ(ν+n)Γ(2ν+n)J2ν+n(z) 3F2
(
ν + 1, 2ν + n,−n
ν + 1/2, λ+
| sin2 1
2
φ
)
(8.84) J0(z cos a) + J0(z sin a) ≡ 2
∞∑
n=0
b2n(a)J2n(z);
where
2n b2n
0 1
2 1
4 1 + 6 cos4 a− 6 cos2 a = 14 + 34 cos(4a)
6 1 + 6 cos4 a− 6 cos2 a = 14 + 34 cos(4a)
8 1 + 70 cos8 a− 20 cos2 a− 140 cos6 a+ 90 cos4 a = 964 + 3564 cos(8a) + 516 cos(4a)
10 1 + 70 cos8 a− 20 cos2 a− 140 cos6 a+ 90 cos4 a = 964 + 3564 cos(8a) + 516 cos(4a)
12 1− 42 cos2 a+ 420 cos4 a− 1680 cos6 a+ 3150 cos8 a− 2772 cos10 a+ 924 cos12 a
= 25256 +
104
512 cos(4a) +
63
256 cos(8a) +
231
512 cos(12a)
Apparently, the b2n count numbers of Delannoy paths, A109983 in [212].
[147, p31]
(8.85) eik cosϕ = 2νΓ(ν)
∞∑
m=0
(ν +m)imJν+m(kρ)(kρ)
−νC(ν)m (cosϕ),
ν 6= 0,−1,−2,−3, . . ..
[98]
(8.86)
Sµ,ν(z) ∼ zµ−1
∞∑
m=0
(−1)m
(
1− µ+ ν
2
)
m
(
1− µ− ν
2
)
m
(z/2)−2m , |z| → ∞, | arg z| < π.
The series terminates and is equal to Sµ,ν(z) when µ± ν is a positive odd integer.
YET ANOTHER TABLE OF INTEGRALS 123
[193]
(8.87)(
sinβ
sinα
)m+n
Pmm+n(cosα) =
n∑
r=0
(
2m+ n
r
)(
sin(β − α)
sinα
)r
Pmn+m−r(cosβ).
8.7. Orthogonal Polynomials. [237]
(8.88)
L(α)m L
(α)
n =
m+n∑
M=|m−n|
L
(α)
M (z)(−)m+n−M2m+n−MM !
(M −m)!(M − n)!(m+ n−M)! 3F2
(
α+M + 1, M−m−n2 ,
(M−m−n+1
2
M −m+ 1,M − n+ 1 | 1
)
.
[67]
(8.89)
∑
n≥0
tnLa+bnn (x) =
(1 + v)a+1
1− bv exp(−xv),
where v = t(1 + v)b+1, v(0) = 0.
[67]
(8.90)
∑
n≥0
tnLv+bnn (x(1 + an)) =
(1− z)1−v
1− z(b+ 2− ax) + z2(b + 1)e
xz/(z−1),
where t = z(1− z)b exp[axz/(1− z)] and |t| < 1.
[67]
(8.91)∑
n≥0
tn
v + bn+ n
Lv+bnn (x(1+an)) =
exp[xz/(z − 1)]
v(1− z)v 1F1
(
1
v+1+b
1+b
| xz(1 + b− av)
(1 − z)(1 + b)
)
,
where t = z(1− z)b exp[axz/(1− z)] and |t| < 1.
[67]
(8.92)
∑
n≥0
tn
1 + an
Lv+avn−nn (x(1 + an)) =
1
(1 − z)v e
xz/(z−1),
where t = z(1− z)av−1 exp[axz/(1− z)] and |t| < 1.
[67]
(8.93)
∑
n≥0
tn
1 + an
Lv+bnn (x(1 + an)) =
exp[xz/(z − 1)]
(1− z)v 2F1
(
1, 1+b−ava
a+1
a
| z
)
,
where t = z(1− z)b exp[axz/(1− z)] and |t| < 1.
[67]
(8.94)∑
n≥0
tn
1 + n
Lv+bnn (x(1+an)) =
exp[x(1 − a− z)/(1− z)]
(1− z)vz(v − b)
{
1F1
(
v − b
v − b + 1 |
x(a− 1)
1− z
)
− (1− z)v−b 1F1
(
v − b
v − b+ 1 | x(a− 1)
)}
,
where t = z(1− z)b exp[axz/(1− z)] and |t| < 1.
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[67]
(8.95)
∑
n≥0
(1 + bn)n/2
n!
tnHn[x(1 + an)/(1 + bn)
1/2] =
e−z
2−2xz
1 + 2bz2 + 2axz
,
where t = (−z)ebz2+2axz and |2azx exp[bz2 + 2axz + 1]| < 1.
[67]
(8.96)∑
n≥0
(1 + bn)n/2−1
n!
tnHn[x(1+an)/(1+bn)
1/2] = e−z
2−2xz
1F1
(
1
1 + 1/b
| 2xz(b− a)/b
)
where t = (−z)ebz2+2axz and |2azx exp[bz2 + 2axz + 1]| < 1.
[67]
(8.97)
∑
n≥0
(1 + an)n/2−1
n!
tnHn[x(1 + an)] = e
−z2−2xz
where t = (−z)eaz2+2axz and |2azx exp[az2 + 2axz + 1]| < 1.
[99]
(8.98)∫ 1
0
f(t)trdt = cr, (r = 0, 1, . . . n) f(t) =
n∑
i=0
(2i+1)
i∑
r=0
{
(−)r (i+ r)!
(i− r)!
1
(r!)2
cr
}
Pi(1−2t).
9. Special Functions II.
9.1. Hypergeometric Functions. [37]
(9.1) 2F1(a, b; c; z) = (a)m(b)mz
m
2F1(a+m, b+m; 1 +m; z).
[37]
(9.2) 2F1(a, b; c; z) = (1− z)c−a−b 2F1(c− a, c− b; c; z).
[37]
(9.3) 2F1(a, b; c; z) = (a)m(b)mz
m(1− z)1−a−b−m 2F1(1 − b, 1− a; 1 +m; z).
[37]
(9.4) 2F1(a, b; c; z) = (1− z)−a 2F1(a, c− b; c; z/(z − 1)).
[174]
(9.5)
(z/2)c
Γ(1 + c)
2F1(a, b; c+ 1;−z2/(4ab)) =
∑
ν≥0
1
ν!
3F0(−ν, a, b; 1/(ab))(z/2)νJc+ν(z).
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[37]
(9.6) 2F1(a, b; c; z) = (1− z)−a
(
z
z − 1
)1−c{
Γ(|m|)
Γ(a+ m¯)Γ(c− a−m)
(
1
1− z
)m
|m|−1∑
n=0
(1− a− m¯)n(1− c+ a+m)n
(1− |m|)nΓ(1 + n)
(
1
1− z
)n
− (−)
m
Γ(a+m)Γ(c− a− m¯)
(
1
1− z
)m¯
∞∑
n=0
(1 − a−m)n(1 − c+ a+ m¯)n
Γ(1 + |m|+ n)Γ(1 + n)
(
1
1− z
)n
[− ln(1−z)−π cotπ(c−a)−π cotπa+ψ(1−a−m+n)+ψ(1−c+a+m¯+n)−ψ(1+|m|+n)−ψ(1+n)]
}
,
where m¯ ≡ max(0,m), m ≡ min(0,m).
[198]
(9.7)
1F1(1/2; 9/2; z) = −525 + 280z + 140z
2
128z3
ez+
525 + 630z + 420z2 + 280z3
256z7/2
√
π erfi(
√
z).
[210]
(9.8)
1F1(
1
2
+
1
2
a−b, 1+a−b;x) = ex/2
∞∑
r=0
(a)r(b)r(−x/4)r
r!(a/2)r(1 + a− b)r 0F1(;
1
2
a+r+1; (x/4)2).
[211, 1.7.7]
(9.9) 2F1(a,−m; c, 1) = (c− a)m
(c)m
.
[56]
(9.10) 2F1(a,−n; c; p) = (a)n
(c)n
(−p)n 2F1(1− c− n,−n; 1− a− n; 1/p).
[232]
(9.11) 2F1(a+ n, b; a− b;−1) = P (n)
Γ(a− b)Γ(a+12 )
Γ(a)Γ(a+12 − b)
+Q(n)
Γ(a− b)Γ(a2 )
Γ(a)Γ(a2 − b)
where
P (n) =
1
2n+1
3F2(−n/2,−(n+ 1)/2, a/2− b; 1/2, a/2; 1);
Q(n) =
n+ 1
2n+1
3F2(−(n− 1)/2,−n/2, (a+ 1)/2− b; 3/2, (a+ 1)/2; 1).
[17]
(9.12)
2F1(−2n, b;−2n+2r−b;−1) = (1/2)n(b + 1− r)n
(b/2 + 1− r)n(b/2 + 1/2− r)n
r−1∑
i=0
22ii!
(
r+i−1
2i
)
(b− r + 1)i
(
n
i
)
.
[148]
(9.13)
2F1(a, b; 1+a−b;−1) = Γ
[
1 + 2a− 2b, 1 + a− b
1 + a− 2b, 1 + 2a− b
]
Γ
[
1 + 12a,
1
2 +
1
2a− b, 1 + a− 12b, 12 + a− 12b
1 + a, 12 + a− b, 1 + 12a− 12b, 12 + 12a− 12b
]
.
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[148]
(9.14)
2F1(a− 4, 2
3
a− 1; 1 + 1
3
a;−1) = Γ
[
1
2 ,
1
3a, 1 +
1
3a,
2
3a− 32 , 23a− 2
1
2a− 32 , 16a, 12 + 16a, 2− 16a, 16a, 43a− 3
]
,
where the parametric excess of the 2F1(−1) has real part greater than −1.
[148]
(9.15) 2F1(a− 3
2
,
1
4
a+
1
4
;
3
4
a− 1
4
;−1) = Γ
[
1
2 ,
3
2 ,
3
4 +
1
4a,
1
2a,
3
4a− 14
7
8 ,
9
8 , a,
1
8 +
1
4a,
3
8 +
1
4a
]
,
where the parametric excess of the 2F1(−1) has real part greater than −1.
[148]
(9.16) 2F1(a− 1
2
,
1
4
a;
3
4
a;−1) = Γ
[
1
2 ,
1
2 ,
1
2 +
1
4a,
1
2 +
1
2a,
3
4a
3
8 ,
5
8 , a,
3
8 +
1
4a,
5
8 +
1
4a
]
,
where the parametric excess of the 2F1(−1) has real part greater than −1.
[148]
(9.17) 2F1(a+ 2,
2
3
a;
1
3
a;−1) = Γ
[
1
2 ,
1
3a, 1 +
1
3a,
3
2 +
2
3a, 2 +
2
3a
3
2 +
1
2a,
1
2 +
1
6a, 1 +
1
6a,− 16a, 2 + 43a
]
,
where the parametric excess of the 2F1(−1) has real part greater than −1.
[232]
(9.18)
2F1(−a, 1/2; 2a+3/2+n; 1/4) = 2
n+3/2
3n+1
Γ(a+ 5/4 + n/2)Γ(a+ 3/4 + n/2)Γ(a+ 1/2)
Γ(a+ 7/6 + n/3)Γ(a+ 5/6 + n/3)Γ(a+ 1/2 + n/3)
K(n)
− (−3)n−223/2Γ(a+ 5/4 + n/2)Γ(a+ 3/4 + n/2)Γ(a+ 1)
Γ(a+ 3/2)Γ(a+ 1/2 + n/2)Γ(a+ 1 + n/2)
L(n)
where K(n) and L(n) are defined in the reference.
[38]
(9.19)
π2F1(1/2, 1/2; 1; 1− x) = log 16
x
2F1(1/2, 1/2; 1;x)− 4
∑
k≥1
(1/2)2k
(k!)2
k∑
j=1
xk
(2j − 1)(2j) .
[38]
(9.20)
2F1(
1
2
,
1
2
; 1;
1 + x
2
) =
√
π
Γ2(3/4)
2F1(1/4, 1/4; 1/2;x
2)+
Γ2(3/4)
π3/2
2F1(3/4, 3/4; 3/2;x
2).
[38]
(9.21)
2F1(
1
2
,
1
2
; 1;
1
2
+
x
1 + x2
) =
√
π
Γ2(3/4)
√
1 + x22F1(1/4, 1/2; 3/4;x
4)+
Γ2(3/4)
π3/2
x(1+x2)3/22F1(1/2, 3/4; 5/4;x
4).
[38]
(9.22) 2F1(n,−n; 1/2;x2) = cos(2n sin−1 x).
[38]
(9.23) 2nx2F1(
1
2
+ n,
1
2
− n; 3/2;x2) = sin(2n sin−1 x).
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[38]
(9.24) 2F1(
1
2
+ n,
1
2
− n; 1/2;x2) = (1− x2)−1/2 cos(2n sin−1 x).
[2, 15.1.6]
(9.25) 2F1(
1
2
,
1
2
;
3
2
;x2) =
1
x
arcsinx.
[198]
(9.26) 2F1(−1
2
,
1
2
;
3
2
;x2) =
1
2
[
arcsinx
x
+
√
1− x2].
Differentiation of (9.26) w.r.t. x using [2, 15.2.2]
(9.27) 2F1(
1
2
,
3
2
;
5
2
;x2) =
3
2x2
[
arcsinx
x
−
√
1− x2].
[198]
(9.28) 2F1(−3/2,−1/2; 1/2, z) = 2 + z
2
√
1− z + 3
√
z
2
arcsin
√
z.
[198]
(9.29)
zµ+1
2µ
√
πΓ(32 + µ)
2F1(1, 3/2; 3/2+ µ, z
2/4) = Lµ(z).
[198]
(9.30) 2F1(−3/2, 1/2; 3/2, z) = 5− 2z
8
√
1− z + 3
8
√
z
arcsin
√
z.
[198]
(9.31) 2F1(−3/2,−1/2; 3/2, z) = 13 + 2z
16
√
1− z + 3 + 12z
16
√
z
arcsin
√
z.
[198]
(9.32)
1F2(−3/2;−1/2, 1/2; z) = (1 + 2z) cosh(2
√
z) +
√
z sinh(2
√
z)− 4z3/2 Shi(2√z).
[198]
(9.33) 1F2(−3/2;−1/2, 2; z) = −4 + 24z − 28z
2
15zπ
K(
√
z) +
4 + 56z + 4z2
15zπ
E(
√
z).
[234]
(9.34) 2F1
(
1/4,−1/12; 2/3; x(4 + x)
3
4(2x− 1)3
)
= (1− 2x)−1/4..
[234]
(9.35) 2F1
(
5/4,−1/12; 5/3; x(4 + x)
3
4(2x− 1)3
)
=
1 + x
(1 + 14x)
2
(1− 2x)−1/4.
[234]
(9.36) 2F1
(
1/4, 7/12; 4/3;
x(4 + x)3
4(2x− 1)3
)
=
1
1 + 14x
(1− 2x)3/4.
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[234]
(9.37) 2F1
(
1/4,−5/12; 1/3; x(4 + x)
3
4(2x− 1)3
)
= (1 +
5
2
x)(1 − 2x)−5/4.
[234]
(9.38) 2F1
(
1/2,−1/6; 2/3; x(2 + x)
3
(2x+ 1)3
)
= (1 + 2x)−1/2.
[234]
(9.39) 2F1
(
1/2, 5/6; 2/3;
x(2 + x)3
(2x+ 1)3
)
=
1
(1− x)2 (1 + 2x)
3/2.
[234]
(9.40) 2F1
(
1/6, 5/6; 4/3;
x(2 + x)3
(2x+ 1)3
)
=
1
1 + 12x
(1 + 2x)1/2(1 + x)1/3.
[234]
(9.41) 2F1
(
1/6,−1/6; 1/3; x(2 + x)
3
(2x+ 1)3
)
= (1 + 2x)−1/2(1 + x)1/3.
[234]
(9.42) 2F1
(
7/24,−1/24; 3/4; 108x(x− 1)
4
(x2 + 14x+ 1)3
)
= (1 + 14x+ x2)−1/8.
[234]
(9.43) 2F1
(
7/24, 23/24; 7/4;
108x(x− 1)4
(x2 + 14x+ 1)3
)
=
1 + 2x− 111x2
(1− x)2 (1+14x+x
2)7/8.
[234]
(9.44) 2F1
(
5/24, 13/24; 5/4;
108x(x− 1)4
(x2 + 14x+ 1)3
)
=
1
1− x (1 + 14x+ x
2)5/8.
[234]
(9.45) 2F1
(
5/24,−11/24; 1/4; 108x(x− 1)
4
(x2 + 14x+ 1)3
)
=
1− 22x− 11x2
(1 + 14x+ x2)11/8
.
[234]
(9.46) 2F1 (19/60,−1/60; 4/5;ϕ1(x)) = (1 − 228x+ 494x2 + 228x3 + x4)−1/20.
(9.47)
2F1 (19/60, 59/60; 4/5;ϕ1(x)) =
(1 + 66x− 11x2)(1 − 228x+ 494x2 + 228x3 + x4)19/20
(1 + x2)(1 + 522x− 10006x2 − 522x3 + x4) .
(9.48) 2F1 (11/60, 31/60; 6/5;ϕ1(x)) =
(1− 228x+ 494x2 + 228x3 + x4)11/20
1 + 11x− x2 .
(9.49) 2F1 (11/60,−29/60; 1/5;ϕ1(x)) = 1 + 435x− 6670x
2 − 3335x4 − 87x5
(1 − 228x+ 494x2 + 228x3 + x4)29/20 .
(9.50) 2F1 (13/60,−7/60; 3/5;ϕ1(x)) = 1− 7x
(1 − 228x+ 494x2 + 228x3 + x4)7/20 .
YET ANOTHER TABLE OF INTEGRALS 129
(9.51)
2F1 (13/60, 53/60; 3/5;ϕ1(x)) =
(1 + 119x+ 187x2 + 17x3)(1− 228x+ 494x2 + 228x3 + x4)13/20
(1 + x2)(1 + 522x− 10006x2 − 522x3 + x4) .
(9.52)
2F1 (17/60, 37/60; 7/5;ϕ1(x)) =
(1 + 17x)(1 − 228x+ 494x2 + 228x3 + x4)17/20
(1 + 11x− x2)2 .
(9.53) 2F1 (17/60,−23/60; 2/5;ϕ1(x)) = (1 + 107x− 391x
2 + 1173x3 + 46x4)
(1 − 228x+ 494x2 + 228x3 + x4)23/20 .
Where
(9.54) ϕ1(x) =
1728x(x2 − 11x− 1)5
(x4 + 228x3 + 494x2 − 228x+ 1)3 .
[234]
(9.55) 2F1 (7/20,−1/20; 4/5;ϕ2(x)) = (1 + x)
7/20
(1− x)1/20(1 − 4x− x2)1/4 .
(9.56)
2F1 (7/20, 19/20; 4/5;ϕ2(x)) =
(1 + 3x)(1 + x)7/20(1 − x)19/20(1− 4x− x2)7/4
(1 + x2)(1 + 22x− 6x2 − 22x3 + x4) .
Where
(9.57) ϕ2(x) =
64x(x2 − x− 1)5
(x2 − 1)(x2 + 4x− 1)5 .
[121, 120] Let
(9.58) RII(z) =
{
− (1+a−b)(1−z)b−1a 2F1(a, b; 1 + a; z), ℜz < 1/2,
− 1+a−bb−1 z−a2F1(1− a, 1− b; 2− b; 1− z), ℜz > 1/2.
This has the continued fraction representation
(9.59) RII(z) =
1
z − c1 +K∞n=2 z(z−1)λnz−cn
where
(9.60) cn ≡ n+ a− 1
2n+ a− b− 1; λn ≡
(n− 1)(n+ a− 1− b)
(2n+ a− 1− b)(2n+ a− 3− b) .
[181, 61]
(9.61) 2F2(a, d; b, c;x) = e
x
∑
n≥0
(c− d)n
(c)nn!
(−x)n 2F2(b − a, d; b, c+ n;−x).
[61, (9a)]
(9.62) 2F2(a, c+m; b, c;x) = e
x
m∑
n=0
(
m
n
)
(a)n
(b)n(c)n
xn1F1(b − a; b+ n;−x).
[61, (12)]
(9.63)
2F2(a, d; b, c;x) =
Γ(b)Γ(c)
Γ(a)Γ(b + c− a)e
x
∞∑
k=0
(b − a)k(c− a)k
(1)k(b+ c− a)k 1F1(b+c−a−d+k; b+c−a+k;−x).
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[61, (13)]
(9.64)
2F2(a, c+m; b, c;x) = (−)m (1− b)m
(c)m
ex
m∑
k=0
(b− c−m)k(−m)k
(1)k(b −m)k 1F1(b−a−m+k; b−m+k;−x).
[166, 168]
(9.65) r+1Fr+1(a, (fr + 1); b, (fr); y) = e
y
r+1Fr+1(b − a− r, (ξr + 1); b, (ξr);−y),
where ξr are nonvanishing zeros of an associated parametric polynomial of Q degree
r,
(9.66) Qr(t) =
r∑
j=0
sr−j
j∑
l=0
{
j
l
}
(a)l(t)l(b − a− r − t)r−l,
and the sr−j are determined by
(9.67) (f1 + x) · · · (fr + x) =
r∑
j=0
sr−jxj .
[14]
(9.68) 3F2(1, 1, 2− t; 2, 3; 1) = 2(1− γ − ψ(t+ 1))
1− t .
[202]
(9.69)
3F2(−n,−a,−b; c, 2−n−a−b−c; 1) = (c+ b − 1)n(c+ a)n
(c+ a+ b− 1)n(c)n
[
1− a
(c+ b− 1)(a+ c+ n− 1)
]
.
for n = 1, 2, 3, . . .
[137][211, (2.3.1.3)]
(9.70)
3F2(−m, b, c; e,−m+b+c−e+1; 1) = (e− b)m(e − c)m
(e)m(e − b− c)m ; m = 0, 1, 2, . . . , e, e−b−c 6= 0,−1,−2, . . .
[79]
(9.71)
3F2(a, b/2, (b+1)/2; c/2, (c+1)/2; 1) =
Γ(c)Γ(c− a− b)
Γ(c− b)Γ(c− a) 2F1(a, b; c−a;−1), ℜc > ℜb > 0,ℜ(c−a−b) > 0.
[79]
(9.72)
3F2(a, b/2, (b+1)/2; c/2, (c+1)/2; 1/2) = 2
a
∞∑
k=0
(−a
k
)
(c− b)k
(c)k
2F1(−k, b; c+k;−1), ℜc > ℜb > 0.
[29]
(9.73) 8π33F2(−1/2, 1/2, 1/2; 1, 1; 1) = Γ4(1/4) + 15Γ4(3/4).
[56]
(9.74) 0F1(a; px) 0F1(c
′; qx) =
∑
n≥0
(px)n
n!(c)n
2F1(1− c− n,−n; c′; q/p).
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[56]
(9.75)
1F1(a; c; px) 1F1(a
′; c′; qx) =
∑
n≥0
(a)n(px)
n
n!(c)n
3F2(a
′, 1−c−n,−n; c′, 1−a−n;−q/p).
[56]
(9.76)
2F0(a, b; px) 2F0(a
′, b′; qx) =
∑
n≥0
(a)n(b)n(px)
n
n!
3F2(a
′, b′,−n; 1−a−n, 1−b−n;−q/p).
[56]
(9.77)
2F1(a, b; c; px) 2F1(a
′, b′; c′; qx) =
∑
n≥0
(a)n(b)n(px)
n
n!(c)n
4F3(a
′, b′, 1−c−n,−n; c′, 1−a−n, 1−b−n; q/p).
[242]
(9.78)
(a+b+1)3F2[−c,−a, 1; b+1, 1− a− c
2
;
1
2
] = (b+1)3F2[−a
2
,
1− a
2
, 1;
1− a− b
2
,
1− a− c
2
; 1]
where a, b and c are positive integers of the same parity.
[79]
(9.79)
3F2(−n, b/q, (b+1)/2; c/2, (c+1)/2; 1) = (c− b)n
(c)n
2F1(−n, b; c+n;−1), ℜc > ℜb > 0.
[137]
3F2(a, b, c; e, a+b+c−e+1; 1)+Γ(e− 1)Γ(a− e+ 1)Γ(b− e + 1)Γ(c− e+ 1)Γ(a+ b+ c− e+ 1
Γ(1 − e)Γ(a)Γ(b)Γ(c)Γ(a+ b+ c− 2e+ 2)
×3 F2(a− e+ 1, b− e + 1, c− e + 1; 2− e, a+ b+ c− 2e+ 2; 1)
=
Γ(a− e+ 1)Γ(b− e+ 1)Γ(c− e + 1)Γ(a+ b+ c− e + 1)
Γ(1− e)Γ(b + c− e+ 1)Γ(a+ c− e+ 1)Γ(a+ b− e + 1) .
[137]
(9.80)
3F2(a, b, c; e, a+b+c−e+1; 1) = Γ(e)Γ(a+ b+ c− e+ 1)
Γ(a)Γ(b+ 1)Γ(c+ 1)
3F2(e−a, b+c−e+1, 1; b+1, c+1; 1); ℜa > 0.
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[195][165]
3F2(a, b, c; f, e; 1)
=
Γ(f)Γ(e)Γ(f + e− a− b− c)
Γ(e− b+ f − c)Γ(f + e− a− c) 3F2(e + f − a− b− c, f − c, e− c; e− b+ f − c, e+ f − a− c; 1)
(9.81)
=
Γ(f)Γ(e)Γ(f + e− a− b− c)
Γ(e− b+ f − c)Γ(e− b+ f − a) 3F2(e + f − a− b− c, f − b, e− b; e− b+ f − c, e− b+ f − a; 1)
(9.82)
=
Γ(e)Γ(f + e− a− b− c)
Γ(e− a)Γ(e− b+ f − c) 3F2(f − c, f − b, a; e− b+ f − c, f ; 1)(9.83)
=
Γ(f)Γ(f + e− a− b− c)
Γ(f − a)Γ(e− b+ f − c) 3F2(e − c, e− b, a; e− b+ f − c, e; 1)(9.84)
=
Γ(e)Γ(f)Γ(f + e− a− b− c)
Γ(e+ f − a− c)Γ(e− b + f − a) 3F2(e + f − a− b− c, f − a, e− a; e+ f − a− c, e− b+ f − a; 1)
(9.85)
=
Γ(e)Γ(f + e− a− b− c)
Γ(e − b)Γ(e+ f − a− c) 3F2(f − c, f − a, b; e+ f − a− c, f ; 1)(9.86)
=
Γ(f)Γ(f + e− a− b− c)
Γ(f − b)Γ(e+ f − a− c) 3F2(e− c, e− a, b; e+ f − a− c, e; 1)(9.87)
=
Γ(e)Γ(f + e− a− b− c)
Γ(e− c)Γ(e− b+ f − a) 3F2(f − b, f − a, c; e+ f − a− b, f ; 1)(9.88)
=
Γ(f)Γ(f + e− a− b− c)
Γ(f − c)Γ(e − b+ f − a) 3F2(e− b, e− a, c; e+ f − a− b, e; 1).(9.89)
[192, (6)]
(9.90)
3F2(−n, α, β; γ, δ; 1) = Γ(γ)Γ(γ + n− α)
Γ(γ + n)Γ(γ − α) 3F2(−n, α, δ − β; 1 + α− γ − n, δ; 1).
[38, Entry 13][62] If α+ β + γ = 0 then
(9.91) 3F2(−2α,−2β, γ; γ + 1/2, 2γ;x) = 2F 21 (−α,−β; γ + 1/2;x).
[38]
(9.92) 3F2(α, β, γ; δ, ǫ; 1) =
Γ(δ)Γ(δ − α− β)
Γ(δ − α)Γ(δ − β) 3F2(α, β, ǫ − γ;α+ β − δ + 1, ǫ; 1)
+
Γ(δ)Γ(ǫ)Γ(α+ β − γ)Γ(δ + ǫ− α− β − γ)
Γ(α)Γ(β)Γ(ǫ − γ)Γ(δ + ǫ− α− β) 3F2(δ−α, δ−β, δ+ǫ−α−β−γ; δ−α−β+1, δ+ǫ−α−β; 1).
(9.93) 3F2(
1
2
,
1
2
,
1
2
;
3
2
,
3
2
;
1
2
) =
1√
2
[
π
4
ln 2 +G]
and
(9.94) 3F2(
1
2
,
3
2
,
3
2
;
5
2
,
5
2
;
1
2
) =
9
4
√
2
[4G− 2 + π(ln 2− 1)]
where G is Catalan’s constant.
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[108]
(9.95)
(ai−bj+1)pFq(...ai..; ..., bj ...; z) = ai pFq(...ai+1..; ..., bj...; z)−(bj−1)pFq(...ai..; ..., bj−1...; z).
[108]
(9.96)
(ai−aj)pFq(...ai..aj ..; .....; z) = ai pFq(...ai+1..aj..; ......; z)−ajpFq(...ai..aj+1...; z).
[108]
(9.97)
bjpFq(...ai....; ..bj ...; z) = ai pFq(...ai+1....; ..bj+1...; z)+(bj−ai)pFq(...ai....; ..bj+1...; z).
[108]
(9.98)
(ai−1)pFq(...ai..aj ; ...; z) = (ai−aj−1)pFq(...ai−1..aj ; ...; z)+ajpFq(...ai−1..aj+1; ...; z).
[211, (2.2.3.2)]
(9.99)
A+1FB[(a),−m; (b); z] = ((a))m(−z)
m
((b))m
B+1FA[1− (b), 1−m; 1− (a); (−1)
A+B
z
].
[211, (4.3.5.1)][240][129]
(9.100)
4F3(x, y, z,−n;u, v, w; 1) = (v − z)n(w − z)n
(v)n(w)n
4F3(u−x, u−y, z,−n; 1−v+z−n, 1−w+z−n,w; 1),
if u+ v + w = 1 + x+ y + z − n.
[16]
(9.101)
d
dan
1F1(a; b; z) =
zn
(b)n
∞∑
m1=0
· · ·
∞∑
mn+1=0
(1)m1(1)m2 · · · (1)mn+1
(n+ 1)m1+m2+···mn+1(b+ n)m1+m2+···mn+1
× (a)m1(a+ 1)m2+m2 · · · (a+ n)m1+···mn+1
(a+ 1)m1 · · · (a+ n)m1+···+mn
zm1+m2+···+mn+1
m1!m2! · · ·mn+1! .
[211, 225]
(9.102)
[δ(δ+b1−1)(δ+b2−1) · · · (δ+bB−1)−z(δ+a1)(δ+a2) · · · (δ+aA)]AFB((a), (b), z) = 0,
where δ = z ddz .
[56]
(9.103)
(δ + h)m
(δ + k)m
rFs
(
a, . . .
c, . . .
| x
)
=
(h)m
(k)m
r+2Fs+2
(
a, . . . , h+m, k
c, . . . , h, k +m
| x
)
.
[56]
(9.104)
∑
n≥0
(a)n
n!
F
( −n,A, . . .
C . . .
| p
)
xn = (1− x)−aF
(
a,A, . . .
C, . . .
| − px
1− x
)
.
[56]
(9.105)∑
n≥0
(a)n
n!
F
( −n, a+ n,A, . . .
C . . .
| p
)
xn = (1−x)−aF
(
a/2, (1 + a)/2, A, . . .
C, . . .
| − 4px
(1− x)2
)
.
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[56]
(9.106)
∑
n≥0
(a)n
n!
F
( −n,A, . . .
1− a− n,C, . . . | p
)
xn = (1− x)−aF
(
A, . . .
C, . . .
| px
)
.
[56]
(9.107) [δ(δ + c− 1)− px(δ + a)(δ − n)]Fn = 0,
where Fn ≡ (c)nn! 2F1(a,−n; c; px).
[56]
(9.108) nFn − [2n+ c− 2− p(n+ a− 1)]Fn−1 + (1 − p)(n+ c− 2)Fn−2 = 0
where Fn ≡ (c)nn! 2F1(a,−n; c; p).
[56]
(9.109) [δ(δ + c− 1)(δ + c′ − 1)− (δ + a)(δ + a′)(δ − n)]Fn = 0,
where Fn ≡ (c)nn! 3F2(a, a′,−n; c, c′;x).
[56]
(9.110)
n(n+c′−1)Fn−[2(n−1)2+(2c+2c′−a−a′−1)(n−1)+cc′−aa′]Fn−1+(n+c−2)(n+c+c′−a−a′−2)Fn−2 = 0
where Fn ≡ (c)nn! 3F2(a, a′,−n; c, c′; 1).
[211]
(9.111)[
B∑
ν=1
zν−1(aνz − bν) d
ν
dzν
+ a0 + z
B(1− z) d
B+1
dzB+1
]
B+1FB((a), (b), z) = 0.
[198]
(9.112) 2F2(−3/2,−1/2;−5/2, 1; z) = 5− 4z
5
ez/2I0(z/2) +
4z
5
ez/2I1(z/2).
[198]
2F3(−1/2, 1; 1/4, 1/2, 3/4; z) = 1 + z1/4
√
2
√
πe2
√
z erf(
√
2z1/4)
− z1/4
√
2
√
πe−2
√
z erfi(
√
2z1/4)− 2√zπ erf(
√
2z1/4) erfi(
√
2z1/4).
[198]
1F2(3/2; 5/2, 5; z) = −432− 24z + 96z
2
5z3
I0(2
√
z) +
432 + 192z + 48z2
5z7/2
I1(2
√
z)
− 48
5z
π
(
I0(2
√
z)L1(2
√
z)− I1(2
√
z)L0(2
√
z)
)
.
[198]
3F2(−1/2, 1, 2; 3, 4; z) = −480 + 3472z − 2100z
2
525z3
+
480 + 3712z − 1024z2 + 192z3
525z3
√
1− z
− 32
5z2
log
(
1
2
+
√
1− z
2
)
.
[38]
(9.113) 2F3(−β, β + γ; γ; γ/2, 1 + γ
2
;x2/4) = 1F1(−β; γ;−x)1F1(−β; γ;x).
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[38]
(9.114) 2F3(1, n;n+1; (n+1)/2, 2+ n2;x
2/4) = 1F1(1;n+1;−x)1F1(1;n+1;x).
[38]
(9.115)
4F1(−α,−β,−α+ β
2
− α+ β − 1
2
;−α−β; 4x2) = 2F0(−α,−β;x)2F0(−α,−β;−x).
if α or β a nonnegative integer.
[211]
(9.116)
A+1FB+1 (c, (a); d, (b); z) =
Γ(d)
Γ(c)Γ(d − c)
∫ 1
0
tc−1(1− t)d−c−1 AFB ((a), (b), tz) dt.
[66, 79]
(9.117)
q+1Fq
(
a, bq ,
b+1
q , · · · , b+q−1q
c
q ,
c+1
q , · · · , c+q−1q
| x
)
=
Γ(c)
Γ(b)Γ(c− b)
∫ 1
0
tb−1(1−t)c−b−1(1−xtq)−adt
=
Γ(c)
Γ(b)Γ(c− b)
∑
k≥0
(
c− b− 1
k
)
(−)k
b+ k
2F1(a, (b+ k)/q; 1 + (b+ k)/q;x)
[79]
(9.118)
p+kFq+k
(
a1, . . . , ap,
α
k ,
α+1
k , . . . ,
α+k−1
k
b1, . . . , bq,
α+β
k ,
α+β+1
k , . . . ,
α+β+k−1
k
|ctk
)
=
t1−α−β
B(α, β)
∫ t
0
xα−1(t−x)β−1 pFq
(
a1, . . . , ap
b1, . . . , bq
|cxk
)
dx.
[167]
(9.119)
r+2Fr+1
(
a, b, (fr + 1)
c, (fr)
| x
)
= (1− x)−a r+2Fr+1
(
a, λ, (ξr + 1)
c, (ξr)
| x
x− 1
)
where λ = c− b − r, |x| < 1, ℜx < 1/2 and the (ξr) are the nonvanishing zeros of
the parametric polynomial Qr(t) given in (9.66).
[167]
(9.120)
r+2Fr+1
(
a, b, (fr + 1)
c, (fr)
| x
)
= (1− x)c−a−b−r r+2Fr+1
(
λ, λ′, (ξr + 1)
c, (ξr)
| x
)
[148]
(9.121)
r+1Fr
(
α1, . . . , αr+1
β1 + 1, . . . , βr + 1
| x
)
= (1−x)r+1Fr
(
α1 + 1, . . . , αr+1 + 1
β1 + 1, . . . , βr + 1
| x
)
,
for all r ≥ 1 for which no βi + 1 is a nonpositive integer and the equations (0.74)
are satisfied.
[6]
(9.122) p+1Fp
(
a, a, . . . , a
a+ 1, . . . , a+ 1
| 1
)
=
ap
(a− 1)!
a−1∑
k=0
(−)a−k−1ζ(p− k)
[
a
k + 1
]
for a a positive integer, where the [] is Stirling numbers of the first kind.
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[108]
(9.123) pFp−1
(
1, a, a, . . . , a
a+ 1, . . . , a+ 1
| z
)
= ap−1Φ(z, p− 1, a).
[108]
(9.124) pFp−1
(
1, a, a, . . . , a
a+ 1, . . . , a+ 1
| 1
)
= ap−1ζ(p− 1, a).
[108]
(9.125)
pFp−1
(
1, a, a, . . . , a
a+ 1, . . . , a+ 1
| −1
)
=
(−a/2)p−1
(p− 2)! [ψ
(p−2)(a/2)− ψ(p−2)(a/2 + 1/2)].
[177]
(9.126)
p+1Fp (a1, . . . , ap+1; b1 . . . bp | zζ) = (1−z)−a1
∑
k≥0
(a1)k
k!
p+1Fp (−k, a2, . . . , ap+1; b1, . . . , bp | ζ)
(
z
z − 1
)k
.
[6]
(9.127) p+1Fp
(
a, a, . . . , a
a+ 1, . . . , a+ 1
| 1
)
=
(−)p−1πap
sin(aπ)(p− 1)!w(a, p− 1)
where
(9.128) w(n,m) =
1
(n− 1)!
n∑
i=m+1
[
n
i
]
(i−m)m(−1)n−ini−m−1,
recursively
(9.129) w(n, 0) = 1, w(n,m) =
m−1∑
k=0
(1 −m)kH(k+1)n−1 w(n,m− 1− k)
and the Harmonic numbers defined in (0.92).
[148]
(9.130) r+1Fr
(
α1 , . . . , αr+1
β1 + 1 , . . . , βr + 1
| 1
)
= Γ
[
β1 + 1 , . . . , βr + 1
α1 + 1 , . . . , αr+1 + 1
]
.
for all r ≥ 1 for which no βi + 1 is a nonpositive integer and the equations (0.74)
are satisfied.
[94]
(9.131) q+1Fq
(
a1, . . . , aq+1
b1, . . . , bq
| 1
)
+ q+1Fq
(
a1, . . . , aq+1
b1, . . . , bq
| −1
)
= 2 2q+2F2q+1
(
a1/2, a1/2 + 1/2 . . . , aq+1/2 + 1/2
b1/2, b1/2 + 1/2, . . . , bq/2 + 1/2, 1/2
| 1
)
.
[94]
(9.132) q+1Fq
(
a1, . . . , aq+1
b1, . . . , bq
| 1
)
− q+1Fq
(
a1, . . . , aq+1
b1, . . . , bq
| −1
)
= 2
a1a2 · · · aq+1
b1b2 · · · bq q+1Fq
(
a1/2 + 1/2, a1/2 + 1 . . . , aq+1/2 + 1/2, aq+1/2 + 1
b1/2 + 1/2, b1/2 + 1, . . . , bq/2 + 1, 3/2
| 1
)
.
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[94]
(9.133)
q+1Fq
(
a, a+ 2, a+ 4 . . . , a+ 2q
a+ 1, a+ 3, a+ 5 . . . a+ 2q − 1 | 1
)
+ q+1Fq
(
a, a+ 2, a+ 4, . . . , a+ 2q
a+ 1, a+ 3, a+ 5, a+ 2q − 1 | −1
)
= 2F1(a/2, a+ q + 1/2; 1/2; 1).
[94]
(9.134)
q+1Fq
(
a, a+ 2, a+ 4 . . . , a+ 2q
a+ 1, a+ 3, a+ 5 . . . a+ 2q − 1 | 1
)
− q+1Fq
(
a, a+ 2, a+ 4, . . . , a+ 2q
a+ 1, a+ 3, a+ 5, a+ 2q − 1 | −1
)
=
2a(a+ 2)(a+ 4) · · · (a+ 2q)
(a+ 1)(a+ 3) · · · (a+ 2q − 1) 2F1(a/2 + 1/2, a/2 + q + 1; 3/2; 1).
[94]
(9.135) q+1Fq
(
a, a+ 2, a+ 4 . . . , a+ 2q
a+ 1, a+ 3, a+ 5 . . . a+ 2q − 1 | 1
)
=
√
πΓ(−a− q)
Γ(1/2− a)Γ(−a/2− q) +
2(a/2)q
(a/2 + 1/2)q−1Γ(1− a/2)Γ(1/2− a/2− q) ,
if ℜ(a+ q) < 0, and a similar expression for argument −1.
[108]
(9.136)
pFq
(
b1 +m1, . . . , bn +mn, an+1, . . . ap
b1, . . . bq
| z
)
=
m1∑
j1=0
· · ·
mn∑
jn=0
A(j1, . . . jn)z
Jn
× p−nFq−n
(
an+1 + Jn, . . . , ap + Jn
bn+1 + Jn, . . . , bq + Jn
| z
)
,
where m are positive integers, where Jn = 1 + · · ·+ jn and
A(j1, . . . jn) =
(
m1
j1
)
· · ·
(
mn
jn
)
(b2 +m2)J1(b3 +m3)J2 · · · (bn +mn)Jn−1(an+1)Jn · · · (ap)Jn
(b1)J1(b2)J2 · · · (bn)Jn(bn+1)Jn · · · (bq)Jn
.
Also: a similar reduction in the degree if the denominators have positive offset
relative to the numerators.
[148]
(9.137) 3F2(−n, a, b; c, 1+a+b−c−n; 1) = Γ
[
c− a+ n, c− b+ n, c, c− a− b
c− a, c− b, c+ n, c− a− b+ n
]
where no lower parameter is a nonpositive integer.
[148]
(9.138) 3F2(a, b, c; a− n, 1 + b; 1) = Γ
[
1 + b− a+ n, 1− a, 1− c, 1 + b
1 + b− a, 1− a+ n, 1 + b− c
]
where the parametric excess has positive real part.
[148] If ab+ bc+ ca = (d− 1)(e− 1) and d+ e− a− b− c = 2 then
(9.139) 3F2(a, b, c; d, e; 1) = Γ
[
d, e
a+ 1, b+ 1, c+ 1
]
.
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[148] If (a− 1)(b− 1) = c[(a− 1)+ (b− 1)− (e− 1)] and ℜ(e−a− b+2) > 0 then
(9.140) 3F2(a, b, c; c+ 2, e; 1) = Γ
[
e, e− a− b+ 2, c+ 2
e− a+ 1, e− b+ 1, c+ 1
]
.
[148] If (a− 1)(b− 1) = (d− 2)(e− 2) and ℜ(d+ e− a− b− 2) > 0 then
(9.141) 3F2(a, b, 2; d, e; 1) =
(d− 1)(e− 1)
d+ e− a− b− 2 .
[165]
(9.142) 3F2(a,m, b; c,m− n; 1) = Γ(a+ n−m+ 1)
×
(
m−1∑
L=0
(−1)LΓ(−b+ c− a− n+ L)Γ(1− b+ L)
Γ(m− L)Γ(−b− n+ 1 + L)Γ(−b+ c−m+ 1 + L)Γ(L+ 1)
)
× Γ(c)Γ(m− n)(−1)
n
Γ(c− a)Γ(a) , 0 < n < m.
(9.143) 3F2(a, b,−n; c,m− n; 1) = Γ(a+ n−m+ 1)
×
(
m−1∑
L=0
(−1)LΓ(c− a+ L)Γ(1 + b −m+ n+ L)
Γ(m− L)Γ(b−m+ 1 + L)Γ(c+ n−m+ 1 + L)Γ(L+ 1)
)
× Γ(c)Γ(m− n)(−1)
n
Γ(c− a)Γ(a) , 0 < n < m.
(9.144)
3F2(a,−n, b; c, a− c+ b− n+m; 1) = Γ(c− b+ n−m+1)Γ(−a+ c− b−m+1)
×
(
m−1∑
L=0
(−1)LΓ(b+ L)Γ(1− a+ c−m+ n+ L)
Γ(m− L)Γ(−a+ c−m+ 1 + L)Γ(c+ n−m+ 1 + L)Γ(L+ 1)
)
× Γ(c)Γ(m)
Γ(n+ 1− a+ c− b−m)Γ(b)Γ(c− b) , 0 < n,m.
(9.145)
3F2(a, 1, b;n+1, c; 1) =
Γ(a− n)Γ(b − n)Γ(n+ 1)Γ(c)Γ(−b+ c− a+ n)Γ(1− b)Γ(1 + n)Γ(c)
Γ(b)Γ(c− b)Γ(a)Γ(c− a)Γ(a)
×
(
n−1∑
L=0
(−1)LΓ(a− 1− L)
Γ(c− 1− L)Γ(n− L)Γ(2 + L− b)
)
, 0 < n,m.
and 60 others.
[128]
(9.146)
4F3(a, b, c+d+1, d; a+d+1, b+d+1, c; 1) =
Γ(a+ d+ 1)Γ(b+ d+ 1)Γ(c+ 1)
Γ(a+ 1)Γ(b+ 1)Γ(c+ d+ 1)Γ(d+ 1)
+
d(d+ 1)(a− c)(b− c)
(a+ d+ 1)(b + d+ 1)c(c+ 1)
4F3(a+1, b+1, c+d+1, d+2; a+d+2, b+d+2, c+2; 1).
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[141]
(9.147) 4F3(a, b, c, d; e, c+ d− e, a+ b+ 1; 1)
=
(c− e)(d− e)
e(e− c− d) 4F3(a+ 1, b+ 1, c, d; e+ 1, c+ d− e+ 1, a+ b+ 1; 1),
where one of the numerator parameters is a negative integer.
[1]
(9.148)
4F3(γ, 2β−γ, 1+α/2, 1/2+α/2;β+1/2, 1+α, 1+β; 1) = βΓ(2β)Γ(2β − α− γ)
(β − γ)Γ(2η − γ)Γ(2β − α)
where ℜ(2β − α− γ) > 0.
[141]
(9.149) 4F3(a+ 1, b, c, d; a− d, b+ d+ 1, c+ d+ 1; 1)
=
(b+ d− a)(c+ d− a)d(d+ 1)
(a− d)(1 + a− d)(1 + b+ d)(1 + c+ d) 4F3(a+1, b+1, c+1, d+2; 2+a−d, 2+b+d, 2+c+d; 1),
where one of the numerator parameters is a negative integer.
[141]
(9.150) 4F3(a+ 1, b, c, d; a+ c, b+ c+ 1, d− c+ 1; 1)
=
(b + c)(d− c− a)
(a+ c)(d− c− b)4F3(a, b + 1, c, d; a+ c+ 1, b+ c, d− c+ 1; 1),
where one of the numerator parameters is a negative integer.
[141]
(9.151) 4F3(a+ 1, b, c, a+ b+ c; a+ b+ 1, b+ c+ 1, c+ a+ 1; 1)
= − (b+ c)
a
4F3(a, b, c, a+ b+ c; a+ b+ 1, b+ c, c+ a+ 1; 1),
where one of the numerator parameters is a negative integer.
[79]
(9.152) 4F3(a, b/3, (b+ 1)/3, (b+ 2)/3; c/3, (c+ 1)/3, (c+ 2)/3; 1)
=
Γ(c)Γ(c− b− a)
Γ(c− a)Γ(c− b)
∞∑
k=0
(a)k(−1)k(b)k
k!(c− a)k 2F1(−k, b+ k; c− a+ k;−1).
[129]
(9.153) 4F3(
α
2
,
α+ 1
2
, β + n,−n; 1 + α, β
2
,
β + 1
2
; 1) =
(β − α)n
(β)n
.
[129]
(9.154) 4F3(α,−α,−m
2
,
1−m
2
;
1
2
, β, 1−m− β; 1) = (α+ β)m + (β − α)m
2(β)m
.
[129]
(9.155)
4F3(a, b,
1
2
−a−b−n,−n; a+b− 1
2
, 1−a−n, 1−b−n; 1) = (2a)n(2b)n(a+ b)n
(2a+ 2b− 1)n(a)n(b)n .
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[129]
(9.156)
4F3(a−1
2
, b−1
2
,
1
2
−a−b−n,−n; a+b−1
2
,
1
2
−a−n, 1
2
−b−n; 1) = (2a)n(2b)n(a+ b)n
(2a+ 2b− 1)n(a+ 12 )n(b + 12 )n
.
[129]
(9.157)
4F3(a+1, b,
1
2
−a−b−n,−n; a+b+1
2
, 1−a−n, 1−b−n; 1) = (2a+ 1)n(2b)n(a+ b)n
(2a+ 2b)n(a)n(b)n
.
[129]
(9.158)
4F3(a+
1
2
, b−1
2
,
1
2
−a−b−n,−n; a+b+1
2
,
1
2
−a−n, 1
2
−b−n; 1) = (2a+ 1)n(2b)n(a+ b)n
(2a+ 2b)n(a+
1
2 )n(b +
1
2 )n
.
[129]
(9.159)
4F3(a, b,
1
2
− a− b− n,−n; a+ b+ 1
2
, 1− a− n, 1− b− n; 1) = (2a)n(2b)n(a+ b)n
(2a+ 2b)n(a)n(b)n
.
[129]
(9.160)
4F3(a, b, a+b−1
2
−n,−n; a+b+1
2
,
1
2
+a−n, 1
2
+b−n; 1) = (1/2)n(a− b+
1
2 )n(b− a+ 12 )n
(a+ b+ 12 )n(
1
2 − a)n(12 − b)n
.
[129]
(9.161)
4F3(a,−a, 1
2
−n,−n; 1
2
,
1
2
+b−n, 1
2
−b−n; 1) = (
1
2 + a+ b)n(
1
2 − a− b)n + (12 + a− b)n(12 − a+ b)n
2(12 + b)n(
1
2 − b)n
.
[129]
(9.162)
4F3(a,−a,−1
2
−n,−n; 1
2
, b−n,−b−n; 1) = (a+ b)n+1(1− a− b)n + (b− a)n+1(1 + a− b)n
2b(1 + b)n(1− b)n .
[129]
(9.163)
4F3(
1
2
+a,
1
2
−a,−1
2
−n,−n; 1
2
,
1
2
+b−n, 1
2
−b−n; 1) = (a+ b)n+1(1 − a− b)n + (b− a)n+1(1 + a− b)n
2b(12 + b)n(
1
2 − b)n
.
[129]
(9.164) 4F3(a,−a,−1
2
− n,−n; 1
2
,
1
2
+ b− n, 1
2
− b− n; 1)
=
(a+ b)(12 + a+ b)n(
1
2 − a− b)n + (b − a)(12 + b− a)n(12 + a− b)n
2b(12 + b)n(
1
2 − b)n
.
[129]
(9.165)
4F3(a,−a, 1
2
−n,−n; 1
2
, 1+b−n, 1−b−n; 1) = (a+ b)n(−a− b)n + (a− b)n(b− a)n
2(b)n(−b)n .
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[38]
(9.166)
4F3(α, β,
α+ β
2
,
γ + δ
2
; γ, δ, α+β;x) = 2F1(α, β; γ;
1−√1− x
2
)2F1(α, β; δ;
1−√1− x
2
)
if α+ β + 1 = γ + δ.
[54]
(9.167)
1
Γ(b1)Γ(b2)Γ(b3)
4F3
(
a1, a2, a3, a4
b1, b2, b3
| 1
)
=
Γ(s)
Γ(a1 + s)Γ(a2 + s)Γ(a3)Γ(a4)
×
∞∑
k=0
(b1 + b3 − a3 − a4)k(b2 + b3 − a3 − a4)k(s)k
(a1 + s)k(a2 + s)kk!
3F2
(
b3 − a3, b3 − a4,−k
b1 + b3 − a3 − a4, b2 + b3 − a3 − a4 | 1
)
,
where s = b1 + b2 + b3 − a1 − a2 − a3 − a4 > 0.
[94]
(9.168) 4F3(a/2, a/2 + 1/2, b/2, b/2+ 1/2; 1/2+ a/2− b/2, 1 + a/2− b/2, 1/2; 1)
=
Γ(1 + a− b)Γ(1− 2b)
Γ(1− b)Γ(1 + a− 2b) +
Γ(1 + a− b)Γ(1 + a/2)
Γ(1 + a)Γ(1 + a/2− b) .
where ℜb < 1/2.
[94]
(9.169)
2ab
1 + a− b 4F3(a/2+1/2, a/2+1, b/2+1/2, b/2+1; 1+a/2−b/2, 3/2+a/2−b/2, 3/2; 1)
=
Γ(1 + a− b)Γ(1− 2b)
Γ(1− b)Γ(1 + a− 2b) +
Γ(1 + a− b)Γ(1 + a/2)
Γ(1 + a)Γ(1 + a/2− b) .
where ℜb < 1/2.
[54]
(9.170)
1∏p
j=1 Γ(bj)
p+2Fp+1
(
a1, a2, . . . , ap+1,−m
b1, b2, . . . , bp, 1− s−m | 1
)
=
(a1 + s)m(a2 + s)m
∏p+1
j=3(aj)m
(s)m
∏p
j=1 Γ(bj +m)
m∑
k=0
(s)k(−m)k
(a1 + s)k(a2 + s)kk!
× (S)k p+1Fp
(
1− b1 −m, 1− b2 −m, . . . , 1− bp −m,−k
1− a3 −m, 1− a4 −m, . . . 1− ap+1 −m, 1− S − k | 1
)
where s =
∑p
j=1 bj −
∑p+1
j=1 aj and S = a1+ a+2+ s+m− 1 and s not a negative
integer or zero.
[54]
(9.171)
1
Γ(b1)Γ(b2)
4F3
(
a1, a2, a3,−m
b1, b2, 1− s−m | 1
)
=
(a1 + s)m(a2 + s)m(a3)m
(s)mΓ(b1 +m)Γ(b2 +m)
4F3
(
b1 − a3, b2 − a3, s,−m
a1 + s, a2 + s, 1− a3 −m | 1
)
where s = b1 + b2 − a1 − a2 − a3 not a negative integer or zero, m = 0, 1, 2 . . ..
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[38]
(9.172)
0F2(m+ n+ 1, n+ 1;x)0F2(m+ 1, 1− n;−x) = 1 +
∑
k≥1
αk(
2m+n+k+2
2 )k(2x)
k
(m+ n+ 1)k(m+ 1)kk!
where
(9.173) αk =
{
n
(n2−12)(n2−32)···(n2−k2) , ifkodd;
1
(n2−22)(n2−42)···(n2−k2) , ifkeven
[67]
(9.174)∑
k≥0
tk
(α+ 1 + sk)k
k!
rFr
(
∆(−k, r)
∆(−α− sk − k, r) | x(β + sk)
)
= (1−z)α+1 1
1 + sz + rsy
e−βy,
where t = (−z)(1− z)−s−1 exp(sy), x = (−y)[1 − 1/z]r, (a)k = Γ(a+ k)/Γ(a) and
∆(−k, r) ≡ −k/r, (−k + 1)/r, . . . (−k + r − 1)/r, |t| < 1.
[67]
(9.175)∑
k≥0
tk
(α + 1+ sk)k
(α+ l + 1 + sk)k!((α+ l + 1 + s′′ + sk)/s′′)l′
rFr
(
∆(−k, r)
∆(−α− sk − k, r) | x(β + sk)
)
=
(1− z)α+l+1e−βy
l′!
l′∑
q=0
l+s′′q∑
k=0
(−z)k(1− z)s′′q−k(−l′)q(−l− s′′q)k
k!q!(α+ l + 1 + s′′q + sk)
× 1F1
(
1
(α + l+ 1 + s′ + s′′r + sk)/s′ | y(β − α− l − 1− s
′′q)
)
,
where t = (−z)(1− z)−s−1esy, x = −y[1− 1/z]r and |t| < 1.
[67]
(9.176)
∑
p≥0
tp
(β + s′p)p
p!
rF0
(
∆(−p, r)
− |
xrr(α+ s′p)
(β + s′p)r
)
=
e−βy−αz
1 + s′y + rs′z
,
where t = −yes′y+s′z, x = −z/yr and |s′y exp(s′y + s′z + 1)| < 1.
[67]
(9.177)∑
p≥0
tp
(β + s′p)p
p!(α+ s′p) r
F0
(
∆(−p, r)
− |
xrr(α+ s′p)
(β + s′p)r
)
=
e−βy−αz
α
1F1
(
1
α/s′ + 1 | y(β − α)
)
where t = −yes′y+s′z, x = −z/yr and |s′y exp(s′y + s′z + 1)| < 1.
[207]
(9.178) F1
(
a; b, b
1 + a− b | e
2pii/3, e−2pii/3
)
=
Γ(1 + a− b)Γ(1 + a/3)
Γ(1 + a)Γ(1 + a/3− b) .
[207]
(9.179) FD
(
a; b, b, . . . b
c
| ω1,n, . . . ωn−1,n
)
=
Γ(a− b+ 1)Γ(1 + a/n)
Γ(1 + a)Γ(1 + a/n− b) ,
where ωk,n ≡ e2kpii/n.
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[207]
(9.180)
FD
(
2mb− a; b, b, . . . b
2mb
| x1, . . . x2m
)
=
1
2m
Γ(a/(2m))Γ(2mb)Γ((2mb− a)/(2m))
Γ(a)Γ(b)Γ(2mb− a) ,
where xk = 1 + e
(2k−1)pii/(2m), for k = 1, . . . 2m, and 2m is an even integer, a > 0,
b > 0, nb > a.
[207]
(9.181) FD
(
(2m− 1)b− a; b, b, . . . b
(2m− 1)b | y1, . . . y2m−1
)
=
1
2m− 1
Γ(a/(2m− 1))Γ((2m− 1)b)Γ(((2m− 1)b− a)/(2m− 1))
Γ(a)Γ(b)Γ((2m− 1)b− a) ,
where yk = 1+e
(2k−1)pii/(2m−1), and 2m−1 is an odd integer, a > 0, b > 0, nb > a.
[22, p 20]
(9.182) αF4(α + 1, β; γ, γ
′;x, y)− βF4(α, β + 1; γ, γ′;x, y)
= (α − β)F4(α, β; γ, γ′;x, y).
[22, p 21]
(9.183)
β
γ
xF4(α+ 1, β + 1; γ + 1, γ
′;x, y) +
β
γ′
yF4(α+ 1, β + 1; γ, γ
′ + 1;x, y)
= F4(α + 1, β; γ, γ
′;x, y)− F4(α, β; γ, γ′;x, y).
[22, p 26]
(9.184) F4(α, β; γ, γ
′;x, y) =
∑ (α)m(β)m
(γ)mm!
Γ(γ′)Γ(β − α)
Γ(γ′ − α−m)Γ(β +m) (−y)
−α−m
× 2F1(α+m,α+m+ 1− γ′;α+ 1− β; 1
y
)xm
+
∑ (α)m(β)m
(γ)mm!
Γ(γ′)Γ(α− β)
Γ(γ′ − β −m)Γ(α +m) (−y)
−β−m
× 2F1(β +m,β +m+ 1− γ′;β + 1− α; 1
y
)xm.
[22]
(9.185)
F4(α, β; γ, γ
′;x, y) =
Γ(γ′)Γ(β − α)
Γ(γ′ − α)Γ(β) (−y)
−αF4(α, α+ 1− γ′; γ, α+ 1− β; x
y
,
1
y
)
+
Γ(γ′)Γ(α − β)
Γ(γ′ − β)Γ(α) (−y)
−βF4(β + 1− γ′, β; γ, β + 1− α; x
y
,
1
y
).
[33, 101]
(9.186)
F4 [α, β; γ, 1 + α+ β − γ;x(1− y), y(1− x)] = F (α, β; γ;x)F (α, β; 1+α+β−γ; y).
(9.187)
F4
[
α, β; γ, β;− x
(1− x)(1 − y) ,−
y
(1− x)(1 − y)
]
= (1−x)α(1−y)αF1[α; γ−β, 1+α−γ; γ;x, xy].
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(9.188)
F4
[
α, β;α, β;− x
(1− x)(1 − y) ,−
y
(1− x)(1 − y)
]
= (1− xy)−1(1 − x)β(1− y)α.
(9.189)
F4
[
α, β;β, β;− x
(1 − x)(1 − y) ,−
y
(1− x)(1 − y)
]
= (1−x)α(1−y)αF [α, 1+α−β;β;xy].
(9.190)
F4
[
α, β; 1 + α− β, β;− x
(1 − x)(1 − y) ,−
y
(1− x)(1 − y)
]
= (1−y)αF [α, , β; 1+α−β;−x(1− y)
1− x ].
[129]
(9.191)
F p:2;2q:1;1
[
α1, . . . αp : a1, b1 a2, b2
γ1, . . . γq : c1 c2
| X,X
]
=p+3 Fq+2(α1, . . . , αp, β1, β2, β3; γ1, . . . , γq, δ1, δ2;X)
a1 b1 c1 a2 b2 c2 β1 β2 β3 δ1 δ2
a b a+ b− 12 a b a+ b+ 12 2a 2b a+ b 2a+ 2b− 1 a+ b+ 12
a− 12 b− 12 a+ b− 12 a+ 12 b+ 12 a+ b+ 12 2a 2b a+ b 2a+ 2b− 1 a+ b+ 12
and more of that format.
[220]
(9.192)
F 1:2;21:1;1
[
α : −M,β : −N, β′ :
β + β′ : α− β′ −M + 1 α− β −N + 1 | 1, 1
]
=
(β + β′ − α)M+N (β′)M (β)N
(β + β′)M+N (β′ − α)M (β − α)N
for M,N = 0, 1, 2, . . ..
[220]
(9.193) F 1:2;21:1;1
[
β + β′ − α : β, γ : β′, γ′ :
β + β′ : δ δ′ | 1, 1
]
=
Γ(δ)Γ(δ′)Γ(α − β − γ + δ)Γ(α − β′ − γ′ + δ′)
Γ(δ − γ)Γ(δ′ − γ′)Γ(α− β + δ)Γ(α− β′ + δ′)F
1:2;2
1:1;1
[
α : β′, γ : β, γ′ :
β + β′ : α− β + δ α− β′ + δ′ | 1, 1
]
.
[220]
(9.194)
F 1:r;u1:s;v
[
α : (ar) : (cu) :
γ : (bs) : (dv);
| x, y
]
=
∞∑
n=0
(α)n(γ − α)n
∏r
j=1(aj)n
∏u
j=1(cj)n
(γ + n− 1)n(γ)2n
∏s
j=1(bj)n
∏v
l=1(dl)n
(xy)n
n!
× r+1Fs+1
(
(ar) + n, α+ n
(bs) + n, γ + 2n
| x
)
u+1Fv+1
(
(cu) + n, α+ n;
(dv) + n, γ + 2n;
| y
)
.
[101]
(9.195) 3F2
( −n, n+ a, b
c, d
| 1
)
3F2
( −n, n+ a, e
c, f
| 1
)
=
(−)n(a− c+ 1)n
(c)n
F 2:2;22:1;1
[ −n, n+ a : b, e; d− b, f − e
d, f : c; a− c+ 1 | 1, 1
]
.
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[101]
(9.196) F 2:2;22:1;1
[
a, b : −x, y + e; −y, x+ d
d, e : c; b
| 1, 1
]
=
(d− a)x(e− a)y
(d)x(e)y
F 2:2;12:1;0
[
a,−x : 1 + a− c,−y; c− b
c, 1 + a− d− x : 1 + a− e− y; − | 1, 1
]
if x, y = 0, 1, . . .
[101]
(9.197)
F 2:2;22:1;1
[
a, b : −x, y + e; −y, x+ d
d, e : c; c′ | 1, 1
]
=
min(x,y)∑
r=0
(a)r(b)r(a+ b− c− c′ + 1)r
r!(c)r(c′)r
(−x)r(−y)r
(d)r(e)r
× 3F2
(
r + a, r + b, r − x
r + c, r + c
| 1
)
3F2
(
r + a, r + b, r − y
r + c′, r + e | 1
)
if x, y = 0, 1, . . .
9.2. The Confluent Hypergeometric Function.
9.3. The Meijer G-Function. [4]
(9.198) Gm+1,n+1p+1,q+2
(
z | a, ap
a, bq, b
)
= (−)a−bGm+1,np,q+1
(
z | ap
bq, b
)
− (−1)a−b
a−b∑
k=1
Ress=k−a
[
Γ(b+ s)
∏m
i=1 Γ(bi + s)
∏n
i=1 Γ(1− ai − s)∏p
i=n+1 Γ(ai + s)
∏
i=m+1,q Γ(1− bi − s)
z−s
]
if a− b > 0.
[4]
(9.199) Gm+1,n+1p+1,q+2
(
z | a, ap
a, bq, b
)
= (−)a−bGm+1,np,q+1
(
z | ap
bq, b
)
if a− b ≤ 0.
[4]
(9.200) Gm,n+1p+2,q+1
(
z | a, ap, b
bq, b
)
= (−)a−bGm,np+1,q
(
z | ap, a
bq
)
if a− b is an integer.
9.4. The MacRobert E-function.
9.5. Riemann and Hurwitz zeta functions. [227, (2.4.1)]
(9.201) ζ(s) =
1
Γ(s)
∫ ∞
0
xs−1
ex − 1dx, σ > 1.
[221, 7, 185, 186]
(9.202) ζ(3) =
5
2
∑
k≥1
(−)k−1
k3
(
2k
k
) = −4π2
7
∑
k≥0
ζ(2k)
(2k + 1)(2k + 2)22k
.
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[185, 186]
(9.203) ζ(3) =
1
2
∑
n≥1
(−)n−1(205n2 − 160n+ 32)
n5
(
2n
n
)5 .
[184]
(9.204) ζ(4) =
∞∑
n=1
1
n!4
(
4n+ 1
2n2
Ln +
7n3
4
Ln−1
)
where L0 = 0, L1 = 1/3 and
(9.205) 4(4n+3)(4n+5)Ln+1+2(n+1)
3(6n3+9n2+5n+1)Ln−n6(n+1)3Ln−1 = 0.
[185]
(9.206) ζ(4) =
36
17
∑
k≥1
1
k4
(
2k
k
) .
[185, 186]
(9.207) ζ(5) = 2
∑
k≥1
(−)k+1
k5
(
2k
k
) − 5
2
∑
k≥1
(−)k+1
k3
(
2k
k
) k−1∑
j=1
1
j2
.
[185, 186]
(9.208) ζ(7) =
5
2
∑
k≥1
(−)k+1
k7
(
2k
k
) + 25
2
∑
k≥1
(−)k+1
k3
(
2k
k
) k−1∑
j=1
1
j4
.
[170]
(9.209) ζ′(2k) = (−)k+1 (2π)
2k
2(2k)!
{2kζ′(1 − 2k)− [ψ(2k)− log(2π)]B2k}.
[170]
(9.210)
ζ′(1 − 2k, p/q) = [ψ(2k)− log(2πq)]B2k(p/q)
2k
− [ψ(2k)− log(2π)]B2k(p/q)
q2k2k
+ (−)k+1 π
(2πq)2k
q−1∑
n=1
sin(
2πpn
q
)ψ(2k−1)(n/q)
+ (−)k+1 2(2k − 1)!
(2πq)2k
q−1∑
n=1
cos(
2πpn
q
)ζ′(2k, n/q) +
ζ′(1 − 2k)
q2k
.
[170]
(9.211) ζ′(1− 2k, 1/2) = −B2k log 2
k4k
− (2
2k−1 − 1)ζ′(1− 2k)
22k−1
.
[170]
(9.212) ζ′(1− 2k, 1/3) = − (9
k − 1)B2kπ√
3(32k−1 − 1)8k −
B2k log 3
32k−14k
+ (−)k ψ
(2k−1)(1/3)
2
√
3(6π)2k−1
− (3
2k−1 − 1)ζ′(1 − 2k)
2× 32k−1 .
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[184]
(9.213)
∞∑
k=1
k
k4 − x2k2 − y4 =
∞∑
n,m=0
(
n+m
n
)
ζ(2n+ 4m+ 3)x2ny4m
=
1
2
∞∑
n=1
(−)n−1r(n)
n
(
2n
n
) ∏n−1m=1((m2 − x2)2 + 4y4∏2n
m=n(m
4 − x2m2 − y4)
where
(9.214)
r(n) = 205n6−160n5+(32−62x2)n4+40x2n3+(x4−8x2−25y4)n2+10y4n+y4(x2−2).
[7]
(9.215)
∑
k≥1
(−)k
k
[ζ(nk)− 1] = log

n−1∏
j=0
Γ[2− (−)(2j+1)/n]

 .
[7]
(9.216)
∞∑
k=2
(−)k[ζ(k) − 1]kn = −1 + 1− 2
n+1
n+ 1
Bn+1 −
n∑
k=1
(−)kk!ζ(k + 1)S(n+ 1, k + 1),
with S the Stirling numbers of the second kind.
[7]
(9.217)
∞∑
k=2
[ζ(k) − 1]kn = 1 +
n∑
k=1
k!ζ(k + 1)S(n+ 1, k + 1),
[8]
(9.218) −
∞∑
k=1
k
42k
ζ(2k + 1) = G− 1.
[221]
(9.219)
∑
k≥0
ζ(2k)
(2k + 1)42k
= −G
π
− 1
4
log 2.
[221]
(9.220)
∑
k≥0
ζ(2k)
2k + 1
(
3
4
)2k
=
G
3π
− 1
4
log 2.
[8]
(9.221)
1
16
∞∑
k=1
3k − 1
4k
(k + 1)ζ(k + 2) = G.
[7]
(9.222)
∞∑
k=1
ζ(2k + 1)− 1
k + 2
=
2
3
− γ
2
+ log 2 + 6ζ′(−1).
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[7]
(9.223)
∞∑
k=2
ζ(k)
(k + 1)(k + 2)
=
1− γ
6
− 2ζ′(−1).
[7]
(9.224)
∞∑
k=2
k2
k + 1
[ζ(k)− 1] = 3
2
− γ
2
+
π2
6
− 1
2
log(2π).
[7]
(9.225)
∞∑
k=2
[ζ(4k)− 1] = 7
8
− π
4
cothπ
[170]
(9.226) 4
∞∑
k=0
1− ζ(2k)
(2k + 1)32k
= log(192)− π 2
√
3
9
+
√
3
3π
ψ(1)(1/3).
[7]
(9.227)
∞∑
k=1
[ζ(4k)− 1]z4k = 3z
4 − 1
2(z4 − 1) −
πz
4
[cot(πz) + coth(πz)], |z| < 2.
[7]
(9.228)
∞∑
k=1
[ζ(2k)−1] sink = −1
2
cot(1/2)+
π
2
sin(1/2) sin[2π cos(1/2)]− cos(1/2) sinh[2π sin(1/2)]
cos[2π cos(1/2)]− cosh[2π sin(1/2)]
[7]
(9.229)
∞∑
k=1
(
p+ k
k
)
ζ(p+ k + 1, a)zk =
(−)p
p!
[ψ(p)(a)− ψ(p)(a− z)].
[7]
(9.230)
∞∑
k=1
tk
k2
ζ(2k) = log[π
√
t csc(π
√
t].
[60]
(9.231)
∑
k≥1
ζ(2k + 1)
(k + 1)22k
= −2− 1
3
log 2− γ + 12 logA,
where A is Glaisher’s constant.
[60]
(9.232)
∑
k≥2
(−)k ζ(k) − 1
(k + 1)2k
=
7
4
+ log
219/12
32
+
γ
4
− 3 logA.
[60]
(9.233)
∑
k≥2
(−)k ζ(k) − 1
k + 1
(
3
2
)k+1 =
19
8
+ log
2−17/24
5
+
9γ
8
− 3
2
logA.
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[60]
(9.234)
∑
k≥2
(−)k ζ(k)
22k(k + 1)
= 1 +
γ
8
− G
π
− 1
2
log
2πA9
Γ2(14 )
and others of that type.
[185]
(9.235)
∞∑
n=0
ζ(2n+ 2)a2n =
∑
k≥1
1
k2 − a2 = 3
∑
k≥1
1(
2k
k
)
(k2 − a2)
k−1∏
m=1
m2 − 4a2
m2 − a2 .
[185, 186]
(9.236)
∞∑
n=0
ζ(2n+ 3)a2n =
∑
k≥1
1
k(k2 − a2) =
1
2
∑
k≥1
(−)k−1
k3
(
2k
k
) 5k2 − a2
k2 − a2
k−1∏
m=1
(1− a2/m2).
[8]
(9.237)
1
8
∞∑
k=2
k
2k
ζ(k + 1, 3/4) = G.
[8]
(9.238) − 1
8
∞∑
k=2
k
2k
ζ(k + 1, 5/4) = G− 1.
[186]
(9.239)
∑
n≥0
a2nζ(2n+ 2, α) =
∑
n≥0
(3n+ 2α− 2)(1 + 2a)n−1(1− 2a)n−1
n
(
2n
n
)
(α+ a)n(α − a)n
.
[186]
(9.240)∑
n≥0
(n+1)a2nζ(2n+3, α) =
1
2
∑
n≥1
(−)n−2(5n2 + 6n(α− 2) + 2(α− 1)2 − 2a2)
n
(
2n
n
) (n− 1)!2(1 + 2a)n−1(1− 2a)n−1
(α+ a)2n(α− a)2n
[186]
(9.241)∑
k≥1
kζ(2k+1, α)a2k−2 =
1
2
∑
n≥1
(−)n−1pα(n)
n
(
2n
n
)5
((n+ α− 1)2 − a2)2((n+ α− 1)2 − a2/4)2
n−1∏
m=1
1− 4a2/m2
((1 + α−1m+n )
2 − a2(m+n)2 )2
,
where p are polynomials in n, a and α.
[60]
(9.242)∑
k≥2
(−1)k ζ(k)
k(k + 1)
zk+1 = [log(2π)− 1]z
2
+ (γ− 1)z
2
2
+ z log Γ(1+ z)− logG(1+ z),
where G is the reciprocal of the double Gamma function.
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[60]
(9.243)
∞∑
k=2
(−)kζ(k, a) z
k+1
k + 1
= [a− 1
2
− 1
2
log(2π)]z +
1
2
[1− ψ(a)]z2
+ (1− a) log Γ(z + a) + logG(z + a) + (a− 1) logΓ(z)− logG(a), |z| < |a|,
where G is the reciprocal of the double Gamma function.
[60]
(9.244)
∞∑
k=2
ζ(k, a)
zk+1
k + 1
= [a− 1
2
− 1
2
log(2π)]z − 1
2
[1− ψ(a)]z2
+ (a− 1) logΓ(z − a)− logG(a− z) + (1− a) log Γ(z) + logG(a), |z| < |a|,
[5]
(9.245)
ζ′(1, p/q)− ζ′(1, 1− p/q) = π cot πp
q
[log(2πq) + γ]− 2π
q−1∑
j=1
log (Γ(j/q)) sin
2πjp
q
.
[91]
(9.246)
∫ 1
0
sin(2πq)ζ(z, q)dq =
(2π)z
4Γ(z)
csc
zπ
2
.
[91]
(9.247)
∫ 1
0
sin(2kπq)ζ(z, q)dq =
(2π)zkz−1
4Γ(z)
csc
zπ
2
.
[91]
(9.248)
∫ 1
0
cos(2kπq)ζ(z, q)dq =
(2π)zkz−1
4Γ(z)
sec
zπ
2
.
[91]
(9.249)
∫ 1
0
ζ(z′, q)ζ(z, q)dq = −ζ(z + z′ − 1)B(1− z, 1− z′)cos
pi(z−z′)
2
cos pi(z+z
′)
2
.
[91]
(9.250)
∫ 1
0
qnζ(z, q)dq = −n!
n∑
j=1
ζ(z − j)
(z − j)j(n− j + 1)! .
[91]
(9.251)
∫ 1
0
ln(sinπq)ζ(z, q)dq = −Γ(1− z)
(2π)1−z
sin
πz
2
ζ(2 − z).
[115]
(9.252) Φ(z, s, u) = 2−s
[
Φ(z2, s, u/2) + zΦ(z2, s, (u+ 1)/2)
]
.
[71]
(9.253) ζ(r, s) ≡
∑
m<n
1
nsmr
.
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[71]
(9.254) ζ(r, s) + ζ(s, r) = ζ(r)ζ(s) − ζ(r + s).
[71]
(9.255) ζ(r, s) = −1
2
ζ(r + s) +
∑
j=1,jodd
(
(
j − 1
s− 1
)
+
(
j − 1
r − 1
)
)ζ(j)ζ(r + s− j).
for r even and s odd.
[71]
(9.256) ζ(1, s) =
s
2
ζ(s+ 1)− 1
2
s−2∑
j=1
ζ(j + 1)ζ(s− j).
[71]
(9.257) ζ(r, s) = −1
2
ζ(r + s) +
∞∑
k=3,kodd
Φk
k−1∑
j=0,jeven
(
k
j
)
η(r − j)η(s− k + j),
where
(9.258) Φk ≡ − 2
π
k−2∑
d=1,dodd
(−1)(d−1)/2π
d
d!
ζ(k − d+ 1),
and
(9.259) η(s) = (1− 21−s)ζ(s).
[185]
(9.260)∑
n≥0
β(2n+ 1)a2n =
∑
n≥0
(
2n
n
)
42n+1(2n+ 1)
3(2n+ 1)2 + a2
(2n+ 1)2 − a2
n−1∏
m=0
(1− a2/(2m+ 1)2).
[185]
(9.261)
∑
n≥0
β(2n+ 2)a2n =
1
8
∑
n≥1
16n(12n2 − 8n+ 1 + a2)(
4n
2n
)(
2n
n
)
((2n− 1)2 − a2)
n−1∏
m=1
(
1− a
2
4m2
)
.
[185]
(9.262)∑
n≥0
β(2k + 2)a2k =
1
16
∑
n≥1
256np(n, a)
n3(2n− 1)3(6n3n)(6n4n)(3n2n)
∏n−1
m=1(1− a2/(4m2))∏3n
m=n(1− a2/(2m− 1)2)
where
p ≡ 580n4 − 764n3 + 344n2 − 61n+ 15/4− a2(18n2 − 15n+ 4− a2/4).
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9.6. Bernoulli Numbers and Polynomials. [115]
(9.263) Bm(x) =
m∑
n=0
1
n+ 1
n∑
k=0
(−1)k
(
n
k
)
(x+ k)m.
[57]
(9.264)
m∑
k=0
(
m
k
)
(
n+k+s
s
)ym−kBn+k+s(x) = n∑
k=0
(
n
k
)
(
m+k+s
s
) (−y)n−kBm+k+s(x+ y)
+
s−1∑
j=0
s−1−j∑
i=0
(
s− 1− j
i
)(
s− 1
j
)
(−1)n+1+isym+n+s−jBj(x)
(m+ n+ 1 + i)
(
m+n+l
n
)
and
(9.265)
m∑
k=0
(
m
k
)(
n+ k
s
)
ym−kBn+k−s(x) =
n∑
k=0
(
n
k
)(
m+ k
s
)
(−y)n−kBm+k−s(x+ y).
[57]
(9.266)
k∑
j=0
(
k + 1
j
)
(k + j + 1)Bk+j = 0, k ≥ 1.
[71]
(9.267)
Bs(t)Br(t) =
∑
j>0,j≡r+s mod 2
1
j
(
r
(
s
j − r
)
+ s
(
r
j − s
))
Br+s−jBj(t)+
1
2
((−1)r+s+1)(−)
rBr+s(
r+s
s
)
[115]
(9.268) Em(x) =
m∑
n=0
1
2n
n∑
k=0
(−1)k
(
n
k
)
(x+ k)m.
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